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In this paper, we propose a new hyperbolic Navier-Stokes formulation and develop efficient high-
order reconstructed discontinuous Galerkin schemes for solving the compressible Navier-Stokes
equations. The new formulation uses the gradients of the primitive variables as additional vari-
ables to form a hyperbolic viscous system. This formulation enables simple and economical solution
reconstruction, and paves the way to the development of a family of truely efficient high-order hy-
perbolic Navier-Stokes schemes: more efficient than discontinuous Galerkin schemes for comparable
orders of accuracy despite the increase in the number of variables/equations due to the hyperbolic
formulation at the partial-differential-equation level. With 20 degrees of freedom per cell, the method
achieves, on irregular grids, third-order error convergence in the solution and gradients, and fourth-
order in the inviscid terms. The eigen-structure of the hyperbolic viscous system is analyzed and a
suitable dissipation matrix is derived. A class of reconstructed discontinuous Galerkin discretizations
are constructed for the hyperbolic Navier-Stokes sytem, and solved by an implicit solver based on the
first-order backward Euler pseudo-time integration scheme with exact or approximate Jacobians.
The methods are implemented in a three-dimensional unstructured code, verified by the method of
manufactured solutions on hexahedral, regular, irregular and highly distorted prismatic grids, and
tested for a Couette flow problem.

I. Introduction

Today, Computational Fluid Dynamics (CFD) is applied to a variety of applications in science and engineering.
Second-order algorithms dominate practical three-dimensional CFD codes, but there is a growing need for higher-
order accuracy especially in high-fidelity time-dependent turbulent-flow simulations over complex geometries. Beside
many challenges, e.g., high-order grid generation and adaptation, high-performance computing, robust and efficient
solver developments, etc., there exits a classic challenge about how to deal with the viscous terms in Navier-Stokes
(NS) equations. Although high-order methods have been well developed for hyperbolic systems such as the inviscid
terms, they have been less studied for the viscous terms. In particular, the widely-used and studied finite-volume (FV)
and Discontinuous Garlerkin (DG) methods become less certain and advantageous for elliptic or parabolic problems,
requiring extra efforts needed to deal with gradients in the viscous fluxes. Commonly used high-order viscous meth-
ods are the BR2 [1] and DDG [2] methods. A reconstructed discontinuous Galerkin (rDG) method using an inter-cell
reconstruction is also developed [3]. All of these methods, however, are substantially more demanding in computa-
tional efforts than the classical continuous finite element methods that are more suited for solving elliptic problems. In
this work, we explore an alternative to these high-order viscous discretization methods: the hyperbolic Navier-Stokes
(HNS) method, in combination with the rDG method to drive the cost of high-order schemes down to the level at which
applications to practical problems would be within reach with currently available resources. Ultimately, the developed
method is expected to provide an efficient and accurate high-order unstructured-grid solver for scalable high-order
CFD computations on fully adaptive grids with ever-increasing parallelism.

The HNS method is a first-order hyperbolic system reformulation approach, which is originally developed for
diffusion equations [4] and the advection-diffusion equations [5]. In the HNS method, diffusion/viscous terms are
reformulated as a hyperbolic system, and discretized by methods for hyperbolic systems, e.g., upwind methods. Thus,
methods developed for hyperbolic systems, including high-order methods, are directly applicable to diffusion and
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viscous terms. Moreover, the method has been demonstrated to bring various other advantages: high-order and noise-
free gradients on severely distorted grids, upgraded accuracy in the advection/inviscid schemes, and convergence
acceleration by the elimination of numerical stiffness due to second-order derivatives. These advantages have been
demonstrated for various applications, including the two-dimensional compressible/incompressible NS equations [6, 7,
8], three-dimensional compressible NS equations [9, 10, 11, 12, 13, 14] with a proper handling high-Reynolds-number
boundary-layer flows [11, 15], unsteady problems [16, 17], magnetohydrodynamic models [18, 19], third-order partial-
differential equations [20] and diffusion with tensor coefficients [21] and with discontinuous coefficients [22]. In terms
of the discretization method, the hyperbolic method has been applied to the residual-distribution methods [4, 5], the
finite-volume methods [6, 7, 8, 9, 10, 11, 12, 23, 24, 25], the high-order active-flux method [16], high-order compact
methods [26], and high-order rDG methods [21, 27, 28, 29, 30]. This paper is a sequel to the high-order hyperbolic
rDG method development, and presents the extension to the compressible NS equations.

For diffusion equations, a hyperbolic system is formed typically with the solution gradients introduced as additional
variables, which are called the gradient variables. In three dimensions, it requires three additional gradient variables
per solution variable, meaning three additional equations are added to each equation in a target system. This increase
in variables and equations presents a challenge in applying the hyperbolic method to DG methods. For example, if
the three-dimensional compressible NS system is formulated as a hyperbolic system with 20 equations instead of 5
[12], even a second-order DG scheme method would result in 80 discrete equations. To minimize the number of
discrete equations, we have explored an efficient reconstruction of recycling the gradient variables to form high-order
polynomials of the solution variables for model equations [21, 27, 28, 29, 30]. The recycling strategy dramatically
reduces the number of discrete equations, and leads to efficient hyperbolic DG schemes. For the NS equations, it can
bring the number of discrete equations down to 20 from 80 without losing second-order accuracy and even with an
upgrade of the inviscid accuracy to third-order. For example, the HNS formulation in Ref.[12] involves the density
gradient as gradient variables. If DG(P1) method is used, the density gradient (p;, py, p.), and their gradients, i.e.,
second-order derivatives (0, Pays Paz> Py Pyys Pyz> Pzas Pzy> Pzz) Would be introduced as discrete unknowns. Then,
these quantities can be used to build a quadratic polynomial for the density, and thus only the cell-average needs to be
stored for the density. This particular construction is denoted by DG(POP2)+DG(P1), and leads to a third-order inviscid
and second-order viscous scheme. However, this efficient construction is not straightforward for other conservative
or primitive variables because other gradient variables are the velocity gradients scaled by the viscosity and the heat
fluxes. The derivatives of the velocity and temperature, which are needed to build the polynomials for the velocity and
temperature, can be quite complicated if obtained from the gradient variables as they will involve derivatives of the
viscosity. To make the recycling trivial for all variables, we here propose a new HNS formulation, HNS20G, with the
gradients of the primitive variables as additional unknowns. A similar hyperbolic formulation has been employed for
nonlinear or variable-coefficient diffusion problems [22, 27, 31]; this paper presents, for the first time, its extension to
the compressible NS equations.

To further reduce the cost of the hyperbolic DG schemes, we focus on the rDG method, which has been widely
used for compressible inviscid and viscous flow problems, as well as for turbulent problems [32, 33, 34, 35, 36, 37,
38, 39, 40]. The rDG method is a general framework that includes the FV and DG methods as special cases: define an
underlying high-order polynomial of on each element, reconstruct a higher-order polynomial, and solve a Riemann
problem that arises from the discontinuous representation of solution on each element interface. An rDG scheme
with a polynomial of degree n and a reconstructed polynomial of degree n + 1 is denoted by rDG(PnPn+1). As
discussed in the previous papers [21, 27, 28, 29, 30], high-order schemes that combine the hyperbolic approach and
the rDG method require less number of discrete unknowns and achieve higher-order accuracy than conventional DG
schemes. The reconstruction step is a key to accuracy and stability of the rDG schemes, and a recently developed
high-order reconstruction technique called the variational reconstruction (VR) provides excellent performance of the
DG schemes as demonstrated for compressible inviscid flow [41, 42]. This VR reconstruction method is used in the
present paper for computing high-order derivatives of the gradient variables in the new HNS system; derivatives of the
primitive variables are provided by the gradient variables and their derivatives that are already available. As a result,
the rDG schemes will have the same number of degrees of freedom as a FV scheme applied to the HNS formulation
or conventional P; DG schemes for the NS equations, i.e. 20, and this is true for arbitrarily high-order accuracy.

In this paper, we present a new HNS formulation and demonstrate that it enables an efficient construction of high-
order rDG schemes for solving the compressible NS equations, with 20 degrees of freedom for arbitrarily high-order
accuracy. The paper focuses on schemes up to fourth-order accuracy in the inviscid terms, which eliminate both
dispersion and dissipation errors from a second-order scheme and are expected to provide significant improvements
for high-fidelity turbulent-flow simulations. An implicit solver is used to solve the residual equations, based on an
approximate or exact Jacobian with a pseudo time term, which is equivalent to the first-order backward Euler pseudo-
time integration scheme. The pseudo time step is taken to be infinity in many cases, and thus it can be considered
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simply as an implicit nonlinear solver. The HNS rDG solver is developed for the 3D NS equations and implemented in
a 3D code, but here we focus on 2D problems, and perform accuracy verification studies and solve a simple viscous-
flow problem to demonstrate that the HNS rDG schemes provide accurate solutions for a realistic viscous boundary
conditions. The remainder of this paper is organized as follows. Section 2 describes the target NS equations, Section
3 presents the new HNS formulation and the construction of dissipation matrices are given, Section 4 discusses the
discretization methods, Section 5 describes the implicit solver, Section 6 presents numerical results, and Section 7
closes the paper with remarks.

II. Compressible Navier-Stokes Equations

We consider the compressible NS equations:

oU  OF, 0Gy

B + Den Oz 2.1)
p pu pv pw
pU pu* +p puv puw
U=|pw |, F,= PUY ., Fy=| p?+p |, F.= pUW , 2.2)
pw puw pow pw2 +p
pe u(pe + p) v(pe +p) w(pe +p)
0 0
Toa Try
G, = Tyz , Gy = Tyy , 2.3)
Toz Tay
UTgpy + VTgy + WTez — Qo UTyg + VTyy + WTyz — Gy
0
Tz
G, = Tyz , 2.4
Tzz

UT 2 + Usz + WTzz — 4z

where, v = (u, v, w) is the velocity vector, ¢ is the physical time, p is the density, p is the pressure, e is the specific
total energy, and the viscous stress tensor 7 and the heat flux q are given, under Stokes’ hypothesis, by

2
T=|Tye Tyy Ty:|= —gu(dlv v)I+p (gradv + (gradv)T) , a=|gqy | = —ﬁgradﬂ 2.5)
Tze Tzy Tzz qz

where I is the identity matrix, 7" is the temperature, y is the ratio of specific heats, Pr is the Prandtl number, y is the
viscosity, which is taken as a constant in this paper, and the superscript 7' denotes the transpose.
In this paper, we focus on the spatial discretization, and therefore consider only the spatial part in the rest of the
paper:
OF,  0Gy
ox k - 8$k '
For unsteady problems, the physical time derivative can be discretized in time and then treated as a source term as
demonstrated in Ref.[11]. For many practical problems, implicit-time stepping schemes would be required, and then
the steady solver developed in this paper will serve as a nonlinear solver for a system of unsteady residual equations
that needs to be solved at every time step. Unsteady extensions will be discussed in a subsequent paper.

(2.6)
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III. New Hyperbolic Navier-Stokes System: HNS20G

The HNS formulation used in Ref.[12] uses the velocity gradients scaled by the viscosity, the heat fluxes, and
the density gradients as additional variables, thus resulting in 20 equations and thus termed HNS20. As we will
illustrate later, the scaled velocity gradients and the heat fluxes introduce complications in the efficient construction
of hyperbolic rDG schemes. To simply the construction, we propose to form a hyperbolic viscous system with the
gradients of the primitive variables as additional variables.

3.1. HNS20G
The new HNS formulation is given in the form of a preconditioned conservative system:

oU 0Fy

Pl —4+ =8 3.1
where U and Fy, are redefined here as
U = [p, pv, pe, 8u 8u, 8w, 1, 1] ", (32)
pVT — I//)I'T
pV RV +pI - ,uv?
vT(pe +p) — (1, 7v T My
et n) =™ =207
F— —ul (3.3)
—vl
—wl
-TI
—pI
~ 3 T 1 4 o
T=(eteg) - gtr@l w=gn mm=pou (3.4)
= [0 0 0 — 8u —8v 8w —h - r]T (35)

1111111111 11111
>. (3.6)

P=d 1,11, 1,] — o o o o e oy ey ey e oy oy oy ey o

Zag(? Pt ’Ty?TU’TU?TU7TU3TU7TU’TU7TU7Th7ThﬂTh’TT7TT7TT
Note that the system is equivalent to the target steady Navier-Stokes equations (2.6) in the pseudo steady state or as
soon as the pseudo time term is dropped with an infinite pseud-otime step, and the additional variables are equivalent
to the gradients of the primitive variables (thus called the gradient variables):

r=Vp=(pz, Py, Pz)s 3.7
T T T T T T Juzw guy Juz

g =1[8,,8,,8,) =1[(Vu)',(Vu)",(Vw)']" = | Gva  Goy oz |, (3.8)
Guwzx gwy Guwz

h = VT = (hy, hy, h.). (3.9)

To emphasize that this system uses the gradients of the primitive variables as additional variables, we term the new
system HNS20G. The preconditioned conservative system simplifies the construction of a conservative scheme and
a numerical flux [8], and the viscous system is now hyperbolic in the pseudo time as we will discuss below. The
relaxation times 7., T, and 7}, are defined as

L2 L2 L2
T,==r 1= g = (3.10)
Vp Hy Hh

where the length scale L, is defined as in Refs.[11, 15], and v,, is an artificial viscosity associated with the artificial
hyperbolic mass diffusion added to the continuity equation [7, 12].
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The flux projected along an arbitrary direction n = (n, n,,n.)" is split into the inviscid part, viscous part, and
artificial hyperbolic mass diffusion part:

F,=F.,n, +Fyn, +F.n, =F, + F’ + F2, (3.11)
where
PlUn 0 *Vprn
pu, vl + pn _/Jv'rvlh
~ h
un(pe + p) T = Sy e 0
. 0 _ 0
F, = , F = o , Fi= : (3.12)
0 —un 0
0 —wn 0
0 —Tn 0
0 0 —pn
where
Up =V -0 =UNg +VNy +wn,, h,=h-n=hyn,+hyn,+h.n,, (3.13)
?nw ;wwnz + ;xyny + %’wznz
Ton=| Tny | =T = | TyaNa +TyyNy +TyzNz |, Tnw = Tn V= Tngl + Tpy¥ + Tpow. (3.14)
;nz ?zzna: + ?zyny + ?zznz

The inviscid part is hyperbolic, so it can be estimated by using classic Riemann solvers. The HLLC flux [43] is used
in the present work. In the HNS2G system, the viscous part is also hyperbolic as shown in the next section.

3.2. Dissipation Matrix for Viscous Flux

An important difference between HNS20 and HNS20G is that the viscosity does not appear in the flux for HNS20
but does appear in the case of HNS20G. Therefore, the flux Jacobian, which is required to construct a dissipation
term, involves derivatives of the viscosity. This is the complication we get in return for a simplfied high-order scheme
construction as discussed later. However, we can avoid the complication by considering the flux Jacobian with a frozen
viscosity [27]:

OF?

v _ A A Az Ay A5 O
A’ =P 50 ( Ay O 0 0 o o ) (3.15)
where
0 0 0 0 0
0 0 0 0 0
A = 0 0 0 0 0], (3.16)
0 0 0 0 0
Ho ~ Ho ~ Moy ~ Ho ~
—Tnv —Tnx —Tny —Tnz 0
p P p
0 0 0
3 3
—HoNg _Z,U/vny _Zﬂvnz
1 3
A = iuvny _ZM1)nw 0 ’ (G.17)
1 3
iﬂvnz 0 _Z,uvnm
1 1 3 3
Wy | —ung + ony, + —wn, —— by (uny + vngy) — 1M (un, + wny)

2 2 4
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UNy, Ng

Py T, 0 0 0
% - :;j 0 0 0
% —% 0 0 0
T © ’ 0
e R T
— wn n
Ay = TT: 0 0 _pTyv 0 , (3.21)
o ’ * 0
=D — e A =D - A=) -
S =D = =D = =D 1)
—(y =1 —e) pq;i,, vy = )Z;Z vy = 1);;; vy = 1)7;};; (7 - 1);,1
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
where the viscosity is frozen in computing the derivative, %1;? . The eigenvalues of the matrix can be obtained as
Al = —Cny, A2 =0ny, A3 = —Gmy, M = Gmy, (3.22)
A5 = —Qy, A6 = A, Ar=—ap, Ag=an, Ag,..20 =0, (3.23)

where

v [ 3v, [v
Apy = T71;7 Amy = Qly = 41—1, ap = Ti}; (3.24)

corresponding to the normal viscous, shear viscous and heating waves, respectively, with a set of linearly independent
left and right eigenvectors, 1 and r. Therefore, the system is hyperbolic. Then, the upwind flux can be constructed
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with the dissipation term acting on two states Ur and Uy,

8
|ALJAU = |\ (If AU)ry,
k=1

Pl(any — Q) Aty + Ay AV]

AT 2 ~nnA~nn ~n : A~n - ~nnA~nn
p(anv amv)unA’LLn eramv(v AV) pah —+ Ho (T T + T T 7 i )

1) pap \ Pr, +1 Pr,+1
_ 4 ;
[ 4 4 7
-(anv - 5 > AT, TnnNy + 3ava7'ny- n
_ 4 4 i}
’Y I)Mv Tn Aty Tn AV — T Auy,
A
[ fin + (Prn+1 Prp, +1 "
where
a/n'l) am'U
AU=Up-U,, Pr,=2%  pp =% (3.26)

Qp ap,

This dissipation term is similar to the one for HNS20 [12], but has different scalings for the viscous stresses and heat
fluxes. Finally, this dissipation term will be multiplied by P~ from the left to cancel the effect of the preconditioning
[8].

To ensure strong coupling among the system in the discrete level, an artificial hyperbolic dissipation is added to
the upwind scheme for the viscous flux [7]. Consider the following hyperbolic diffusion system:

oU 9FL OF]  OF!
+ + +

P 1
or | ox dy 0z

=S, (3.27)
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where

0
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—HvGwzx

OO OO OO OO

0
—MvGuy
—HoGuy
— My Gwy

O OO OO oo

=
w A
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The flux projected along an arbitrary direction n is given by

where

—MvGun
—HvGun
~HvGuwn

—un
—vn
—wn

S oo oo

OO OO oo

Jun = JuaNaz + GuyTy + Guznz,
Gon = GvzNa + Guy Ty + Gv2Nz,
Juwn = GuaNa + GuwyNy + Gwznz-
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The flux Jacobian with a frozen viscosity is given by

~ ~~
— N
% % OO0 000000000000O0O00OO
N— N—
CoO0C0O0O0Q0COO0OOoOOCOOOOOOCQCOO
N
cocoocoococoococoo §§Woooooo
g &
> N
© o o =) © O o o000 0 o o o cococococococococo §¥Scoco0co0oo
© o © =) © ©O © O 0o o0 0o o o o = =
R
g coococoococoococococoWE Foooooo
o o I =) © ©O © O 0o o0 0o o o o RS
_
=) non
=] I OOOOOOOOnxnyo_nzOOOOOOOOO
o 3 =) © ©O © O 0o o0 0o o o o ° £ <
N
| H > N
o 53 coocoococoo § ¥ ocoocoocococococoo
f o =] © ©O © O © © 0 0o o o o = =
| S >
g OOOOOOOOannxnxOOOOOOOOO
o o o © o0 0O 0 O o o o o o o _ S 8
e I 8w
e < e © o fhRfifi o o o o o o e coococo §§WPoocooococoocoococoocoo
[ | SN
<t
~<
yTvav > N
o o o Sl o © o o o o o o o R 00000nx2nyny000000000000
[ 2 S S
S]
o O Q SN o O O O O O O o o o o " OOOOOHIIOOOOOOOOOOOO
| : g &g
Ws ds sle s e sls dls < OO0 DOOD
o o S gh s s ERER SR © © © ©o o o 4
sle sfa sla =fe 3la 3]s 3l g OO0 1000000000000 OO
<
wm OO 100000000 O DD
I S
. S O 0 0000000000000 OO
B2 9
8P m m Oww_wOOOOOOOOOOOOOOOO
@
| 8 =
2 lu +
< g g g
< = = S
& 7 I
R e s
2 2 <
= B <

09TY-8T02°9/7TSZ 0T 10 | Bioeere-ore/:dny | 8102 ‘v AInC uoemexIuSIN eoliH Ag pspeojumoq

(3.33)

10 of 28
American Institute of Aeronautics and Astronautics



Downloaded by Hiroaki Nishikawa on July 4, 2018 | http://arc.aiaa.org | DOI: 10.2514/6.2018-4160

Therefore, the artificial dissipation term is given by

0 0
—ulAp + A(pu) pAu
—vAp + Apv) pAv
—wAp + A(pw) pAw
av _ 0 o 0
|ASY|AU = ay,, Agunn = py Agunn (3.34)
Agvnn Aglmn
Agwnn Agwnn
0 0
0 0
Finally, the upwind viscous flux across an interface is given by
1 1
Fi (UL, UY) = 5 (F(Ur) + F(Ug)) = 5P (JAL] + A7) (Ur = Up). (335)

3.3. Dissipation Matrix for Artificial Mass Diffusion Flux

The remaining component is the artificial mass diffusion term, which is shared by HNS20 and HNS20G and required
to obtain high-order accurate density gradients [7, 12]. The corresponding flux is given by

F’I[’LL = (_I/p) 07 07 Oa 07 07 07 07 Oa 07 07 07 07 Oa Oa 07 —PNg, _pny7 _pnz)T 9 (336)
and the flux Jacobian
0 0 —vyng, —vyny —vyn,
SF 0 (0] 0 0 0
A =P = -7 0 0 0 0 (3.37)
_% 0 0 0 0
f% 0 0 0 0

The dissipation term is given, as described in Ref.[7, 12], by

Ap
ALAU=a, [ 0 |, (3.38)
Ar,n
where
a, = |22 (3.39)
P Tp . .
Therefore, the artificial mass diffusion flux is given by
1 1

F3(Up, Up) = 5 (F(Us) + F5(Ur)) 5P ~|AL|(Ur - Uy). (3:40)

IV. Discretization

In this section, we present efficient rDG schemes for the HNS20G system. First, we discuss the underlying DG
discretization, which can be very expensive for HNS20G. Then, we illustrate the recycling procedure that dramati-
cally reduces the number of discrete unknwons/equations by taking advantage of the gradient variables. Finally, we
introduce the rDG method to bring the discretization discretization further down, and develop very efficient HNS rDG
schemes.

4.1. Discontinous Galerkin

We begin by formulating the discontinuous Galerkin discretization with a test function ¥ over an element {2, with a
boundary I'.: multiply the HNS20G system by W, and integrate by parts over the element,

d v
P*la/ \IthdQ:/ {%Fk(UhHWS(Uh)} de/ UF,(Up)npdl, V¥ € VP @.1)
Qe Qe e
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where P can be assumed to be constant over the element without affecting accuracy and thus has been taken out of the
integral, and Uy, is the solution we seek for in the broken Soblev space V"

U, e VP, VP ={v, € [Lo(Q)]F : vpla, € [VFIVQ € Q}, 4.2)

where k is the dimension of the unknown vector and V, is the space of all polynomials of degree < p. The solution
can be expressed as a polynomial of the form:

Uh('rayazaT) = C(Jf,y,Z)V(T), (43)

where C is a basis matrix, and V is a vector of unknown polynomial coefficients. For example, in the Py DG method,
we have

Uh = (papvvpeagz»ggﬁgzahz7hy7hzarxary»rz)T7 (44)
V = (p,pv,pe Avgs, Aygy, AZEs, Anhy, Ayhy, Azh, Ay, Ayry, AzT5) (.5)
1
I 1
c = ! Com— | & 2 46
- Csub bl sub — Ty 1 I ( . )
Csub Az
Csub

where g, = (Guz, Goa> Guwz)s 8y = (Guy» Guys Gwy)s &z = (Guzs Guzs Guwz), the overbar indicates the cell-averaged
Value, Az = 0-5(x'rnaw - x'rnin)a Az = O5(ym<u - ymin) and Az = 05(Zma1, - Zm’in)‘ Tmazs Tmins Ymazs Ymins
Zmagz and Z,,;, are the maximum and minimum coordinates in the element (). in z-, y- and z- directions. Note that the
variables (g, 8., 8w) have been rearranged in the vector Uy, for convenience; compare Equation (4.4) and Equation
(3.2).

Choose the basis matrix for the test function:

¥ =CT, 4.7
then,
1 d T oC” T T
P— C' CVdQ) = ——F(Up) + C*S(Uy) | d2 — C Fi(Up)nidl. 4.8)
dT Q. Q. al'k r.
which can be written into the semi-discrete form:
dVv
P 'M— =R(U 4.9
dr ( h)’ 4.9)
where
oCT

P*1M=P*1/ cTcadn, R(Uh):/ [
Qe ¢

e

o Fk(Uh)—FCTS(Uh)] dQ—/ CTFk(Uh)nde (4.10)
k e

The interface flux is evaluated at each quadrature point for a given pair of states, Uy, and U g, computed by the
solution polynomials from two adjacent elements, by the HLLC flux [43] for the inviscid part and the sum of the
upwind viscous flux (3.35) and the artificial mass diffusion flux (3.40) for the viscous part. This discretization results
in a large number of degrees of freedom (or equivalently discrete equations) per cell, with derivatives added to the
vector V: 80 for P, 200 for P, etc., for the HNS20G system. As shown in the previous papers [21, 27, 28, 29, 30], it
is possible to dramatically reduce the number of degrees of freedom by taking advantage of the gradient variables and
a reconstruction technique as described in the next sections.

4.2. Efficient Hyperbolic Discontinuous Galerkin: Hyperbolic DG

The first step to reduce the required degrees of freedom is to use or recycle the gradient variables to represent
high-order derivatives of the primal variables. This is a simple procedure for model equations as demonstrated in
Ref.[21, 27, 28, 29, 30]. However, it is somewhat complicated for the HNS system because the primal variables are
the conservative variables (p, pu, pv, pw, pe), and the gradient variables correspond to the gradients of the primitive
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variables (p, u, v, w, T). Thus, the derivatives of the conservative variables cannot be directly expressed by these gra-
dient variables; it can be expressed indirectly but the mass matrix will then depend on the solution. Such a construction
may be explored in future, but in this paper we consider a simplified procedure, where we keep the Py conservative
variables in Uy, construct high-order polynomials in the primitive variables and use them to evaluate the flux and
source term:

R(W,) = |

Qe

8:1:k

where Wy, is a set of higher-order polynomials of the primitive variables:

T
[ac Fk(Wh)JrCTS(Wh)} dQ—/ CTF(Wy)ngdl, 4.11)
Fe

Wh(xaya ZvT) = Cw(xvyaz)vuf(T)7 (412)

with W = (p,r,u, 8y, v, 8y, W, Suw, I, h), and C,, is a basis matrix for the primitive variables. In this way, higher-
order polynomials can be easily constructed for the primal variables (p,u, v, w,T) by directly using the gradient
variables (r, g., 8», 8w, h). For example, for the density, we can construct the following:

P Bl BQ B3 B4 ﬁ
0 = 0 0 T
re | _ Az O TeAT | (4.13)
Ty 0 0 z; O Ty Ay
r- ), 0 0 0 = Az
where
T — Ze¢ Y—Yc Z = Zc
B =1, By= Bs = B, =
1 ) 2 Az ’ 3 Ay ) 4 Az

The solution has just been upgraded to linear for the density without introducing additional unknowns. Similarly, for
the x-velocity, we have

u By 312 Bs By pu/p
Gua 0 x 0 0 Juz Az
= x . , 4.14
Guy 00 & 0 || gy @19
Guz h 0 0 0 Aiz Q?AZ
and for the temperature,
T By By By Bi\ [ U [ge— L+t +pud)|
By 0 = 0 0 he Az
= . o , (4.15)
hy 0 0 zx; O hy Ay
he / 0 0 0 = Az

Note that the cell-averaged values of the primitive variables are algebraically computed from the conservative variables
that we keep in Uy,. It follows from these examples that the basis matrix C,, is a block diagonal matrix:

Cuxa
C4><4
Cu = Cixa 7 (4.16)
C4><4
C4><4
where
By By Bz By
0 = 0 0
Cyxyg = ) , (4.17)
0 zx; O
1
0 0 0 =
for V,, defined by
Vo = (py,ur,vi,wi, T1)" (4.18)
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where

p1 = (B, raAz, my Ay, 1, AZ), W = (T, Gua AT, GuyAY, guzA2), V1 = (T, GuaAx, gy Ay, g2 AZ), (4.19)

Wi = (Ev gwaxvgwyAyv ngAZ), Tl = (Tv hfbva hyAy7 h’zAZ)u (420)
with

— —1)p 1
u=pu/p, v=pv/p, w=pu/p, T—w Efﬁ(p*uupfv%pfw%- (4.21)

This construction is called HNS(POP1+P0). Note that HNS(POP1+P0) has 20 unknowns and achieve second-
order accuracy in the inviscid terms, which is comparable to the P; DG scheme applied to the original Navier-Stokes
equations. In effect, the above efficient construction brings the number of unknowns from 80 to 20 for the P; level
of accuracy. However, as pointed out in Ref.[28], it is first-order accurate in the viscous limit. Further improvement
comes from the rDG method.

4.3. Efficient Hyperbolic Reconstructed Discontinuous Galerkin: Hyperbolic rDG

In the rDG method, higher-order accuracy is achieved by upgrading the order of the polynomial used to evaluate the

flux and source terms in the residual through higher-order derivative reconstructions. The efficient construction in the

previous section is, in fact, a variant of the rDG method, but no reconstruction techniques were needed because the

derivatives are directly available through the gradient variables. To further improve accuracy, we now consider recon-

structing higher-order derivatives by a reconstruction technique, and construct higher-order reconstructed polynomials
R.

Wik . . .

Wiz, y, z,7) = Ci(z,y, )V, (7), (4.22)
where CZ is a basis matrix, and VZ the unknown coefficient vector containing now reconstructed derivatives. For
example, if the second derivatives p¢_, pgy, [ p‘;y, P52 pZ’Z are reconstructed from the gradient variables 7, 7y,
and 7, at the centroid as indicated by the superscript, then we can construct a higher-order polynomial for the density
and the density gradient variables as follows:

7
To AT
TyAy
R B1 BQ Bg B4 B5 BG B7 Bg Bg BlO @AZ
p c
. 0 &= 0 0 B o o B B por A
’I“w - 1 Bs Ba By o5 AyQ (4.23)
F 0 0 0 L 0 0 & B o B sz'zAZ
PayArly
PS5 AxAz
Py AyAz
where
1 1 1, 1, 1 1, 1, 1 1 5
Bs = 532 o /Qe §B2dQ, Bg = 2B3 9% Jo, 2Bng7 B; = 2B4 % Jo, 2B4dQ,
1 1 1
Bg = ByB3 — Q—/ B>B3d), Bg = ByB, — Q—/ B>B4df), Big= B3B,— Q—/ B3 B4dS).
e JQ, e JQ, e JQ,

The density is now represented by a quadratic polynomial, and the corresponding gradient variables by linear polyno-
mials. Applying a similar reconstruction to other primitive variables, we arrive at the following basis matrix:

Cix10
Caxio
Wi (z,y,2) = Cax10 VE, (4.24)
Cuxio
C4><10
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where

By By By By Bs Bs By Bs By B
0o &= 0 o0 £ 0 0o £ B o
Cuxto = o - P (425)
0 £ 0 0o £ o B o &
0 0 0 x 0 0 F FE O
for VZ defined by
VE = (py, 1z, v, wa, To)" (4.26)

where
py = (P, Talz, Ty Ay, 7. Az, pS Ax?, pf Ay, pl AZP pl, AxAy, p5 AxAz, pf AyAz), (427

and similarly for other variables. It is emphasized that the reconstructed polynomials are used only in the flux and
source terms, not in the weak formulation:

pmY — R(WH), (4.28)

dr
and thus the mass matrix M is still based on the underlying polynomial basis matrix C defined for the conservative
variables. For the derivative reconstruction, we employ the variational reconstruction for computing the derivatives
[41, 42]. The variational reconstruction for computing the gradient of a function is denoted by POP1(VR), and it
is applied to the gradient variables here to obtain their gradients that are equivalent to the second derivatives of the
density. The resulting scheme is called HNS(POP2+POP1(VR)), which now outperforms the conventional second-order
P, DG: it has the same 20 degrees of freedom, and achieves third-order accuracy in the inviscid terms, second-order
in the viscous terms, and second-order in the gradients.
An even more efficient scheme is HNS(POP3+POP2(VR)) with

B 0 0 0 P
B &~ 0 0 Tzl
Bs 0 & 0 TyAy
By 0o 0 = Az
Bs B0 pop A
Bs 0 £ 0 Py AY?
By o o & pS, A2
Bs M2 0 5, AzAy
R By % 0 % PS5 ATAz
72 By 0 % % Py AyAz
Ty - By1 + By Bj 20 0 [ 29
) By + BsB§ 0 2 0 Py AY°
B3 + ByB5 0 0o £ 05, A3
By + ByBS + B3 B¢ o0 P50y A2 Ay
Bis + By B§ + BuBg a0 Poa AT Az
Bio+BsB§+ BBy £ R 0 Pl Ay A
Bir+ ByBfy+ BsB§ + BaB§ R B2 s PSy. ArAyAz
Big + B4B§ + By B¢ B g Do PS. . A2 AL
Big + B3 B{y + B4Bj§ 0 %1; 2 Py Ay Az
Bao + BB, + B3 BS 0 xp R Pl A2 Ay
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Scheme DoF/Cell Inviscid Viscous Gradient

DG(P1) 20 o2 O(h?)  O(h)
DG(P2) 50 O3 O  O(h?)
HNS(POP1+P0) 20 O(h?)  O(h) O(h)
HNS(POP2+POP1(VR)) 20 O3)  O(h?) Oh?
HNS(POP3+POP2(VR)) 20 oY) O3  O(h3)

Table 1. Comparison of the HNS schemes and conventional DG schemes for the 3D NS equations. DoF/Cell is the degrees of freedom within
each cell.

where
By = %Bg’ - Qi /Q éBSdQ, By = %Bg’ - Qi /Q %Bg’d(l, B3 = %ij - 91/9 %Bi’dQ,
By = ;1353356/;6 %B%Bng, Bis = 2333456/95 %B§B4dﬂ, Big = ;B:%BQSE/QE %B%BQdQ,
Bi7 = ByBsBy — Qi /Q By B3 B4dS,
Big = ;BZBQSE/QC %BZBQdQ, Big = 3333456/96 %B§B4dﬂ, By = ;BZBgﬂle/Qc %BEBng,

(4.30)
and the superscript c indicates that the basis function is evaluated by the centroid coordinates. In this case, we recon-
struct not only the gradient of the gradient variables, but also their second derivatives, which correspond to third-order
derivatives of the density, so that a cubic polynomial can be reconstructed for the density. Here, a higher-order version
of the variational reconstruction, POP2(VR), is used to compute the gradients and second-derivatives of the gradient
variables. The resulting scheme achieves, with the same 20 degrees of freedom, fourth-order accuracy in the inviscid
terms, third-order accuracy in the viscous terms and the solution gradients. Compare it with a conventional P; DG
scheme, which requires 20 degrees of freedom for second- and first-order accurate solutions and gradients, respec-
tively; or a conventional P, DG, which requires 50 degrees of freedom for third- and second-order accurate solutions
and gradients, respectively.

Table | shows the comparison between the HNS-rDG schemes and conventional DG schemes applied to the orig-
inal NS system. HNS(POP1+P0) is comparable to the conventional P; DG scheme, but has a lower order of accuracy
in the viscous terms. This is improved by HNS(POP2+POP1(VR)), which increases the order of accuracy by one order
for all while keeping the same 20 degrees of freedom: one-order higher accuracy for the inviscid and gradients, and
matching the second-order accuracy in the viscous terms with the conventional P; DG scheme. A further improvement
is achieved by HNS(POP3+POP2(VR)): it gives fourth-order accuracy in the inviscid terms, and third-order accuracy
in the viscous terms and gradients with the same 20 degrees of freedom, which is more efficient than the conventional
P, DG scheme.

Thee HNS-rDG schemes may be considered as high-order FV schemes developed in the rDG framework. It can be
systematically extended to higher-order in more than one way. For example, HNS(POP4+P2P3(VR)) may be developed
by a linear (instead of quadratic) VR reconstruction method, or HNS(POP4+POP3(VR) by a cubic VR reconstruction
method. In the former, the basis matrix used in the weak formulation may no longer be diagonal and the scheme will
be a mixed FV-DG scheme. Furthermore, if the primitive variables are used as a set of working variables in the weak
formulation, HNS-rDG schemes will be again mixed-FV-DG schemes. Such variants should be explored in future,
and compared with the schemes developed in this paper.

V. Implicit Solver
We discretize the pseudo time term by the first-order backward Euler scheme:

v-vm

P M
AT

=R(WE), (5.1)
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where AT is a pseudo time step, and m is the previous pseudo time level, and solve the resulting global system of
residual equations for V by the following implicit method:

Vi = VF L AV, (5.2)
where £ is the iteration counter, the correction AV is given as a solution to the linearized system:

P_lM aﬁ AR
(AT - aV) AV = R(W}), (53)

and R is the residual without the reconstruction:
R = R(Wpy). 5.4)

The Jacobians for the inviscid HLLC and viscous upwind fluxes are computed exactly. However, the residual Jacobian
ignores the VR reconstructed part, and thus approximate for rDG schemes; the solver reduces to Newton’s method only
when the pseudo time step is taken as infinity and no reconstruction is performed. The linear system is relaxed by the
symmetric Gauss-Seidel relaxation scheme. In this study, only one symmetric Gauss-Seidel relaxation is performed
per iteration.

VI. Numerical Results

6.1. 2D Manufactured solution

We verify the HNS rDG schemes implemented in a 3D code by methods of manufactured solutions for 2D problems on
hexahedral, regular, irregular and highly distorted prismatic mesh. The second levels of each set of meshes are shown
in Figure 1. The following functions are made the exact solutions by introducing source terms into the Navier-Stokes
equations:

p=cr0+crs-sin(cre -z + cry - y),

u = cul + cus - sin(cux - x + cuy - y),

v = cv0 + cus - sin(cvx - T + cvy - y), 6.1)

w =0,
p=cp0+ cps - sin(cpx - x + cpy - y),

A constant viscosity p = pin fVins L/ Re is used here for a verification purpose. The subscript denotes the free stream
values. The free stream state is taken as p;,y = cr0 and v;,p = sqrt(cu02 + CUOQ) here. cr0, crs, crzx, cry, cul,
cus, cux, cuy, cvl, cvs, cvx, cvy, cpl, cps, cpx and cpy are all taken as constants to generate a smooth solution over
the domain. The Reynolds number is taken as 10 and 10°. The artificial mass diffusion coefficient v, is taken as ht,
where h = \/W for 2D problem and L,. is taken as 1/27.

The log of residual and L2 error norms are plotted in Figure 2 and Figure 3. From these two figures, we can see
that although the HNS(POP1+P0) method will come to a steady solution when all the residuals drop to at least four
orders of magnitude, HNS(POP3+P0OP2(VR)) will come to a steady state after all the residuals drop at least to seven
orders of magnitude. From the comparison, we can see that the solution becomes steady after all the residuals drop to
the order of magnitude of the log of error. The mesh convergence is shown in Figure 4 and Figure 5. For viscous limit
when Re = 10, all the primitive variables and auxiliary variables converge to first, second and third order of accuracy
for HNS(POP1+P0), HNS(POP2+POP1(VR)) and HNS(POP3+POP2(VR)), respectively. However, when it comes to
inviscid limit for Re = 105, the gradient variables still converge to first, second and third, but an over convergence
occurs for primitive variables as they converge to second-, third- and forth-order of accuracy for these three methods,
respectively.

Table 2 shows the number of iterations versus 1/h for Re = 10 on hexahedral mesh. The number of iterations
is taken at five, six, seven, orders of magnitude residual reductions for HNS(POP1+P0), HNS(POP2+POP1(VR)), and
HNS(POP3+POP2(VR)), respectively. From the table, we can see that the iteration increases linearly with 1/h for all
the three schemes, demonstrating the convergence acceleration feature of the hyperbolic method; it increases quadrat-
ically for conventional viscous schemes in such a low-Reynolds-number problem.

6.2. Couette flow

Couette flow is a laminar viscous flow between two parallel plates. The bottom plate with a fixed temperature ()
is stationary, while the top plate with a fixed temperature (77) is moving at a constant speed of U in the positive z-
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1/h  POPI+PO  POP2+POPI(VR) POP3+POP2(VR)

8 21 45 135
16 40 79 250
32 97 184 380
64 200 400 785

Table 2. Iteration numbers versus 1/h, Re=10.

direction. The distance between two plates is H. Under some simplifications with the costant p and low speed to
ensure the nearly incompressible effects,the analytical solution is given [44] as

U
U = —Hz, w =0, (6.2)
z z PrxU? z z
T="Ty+ —+ —(Ty — T —_—— (1 - = .
ot g T T+ 2*CpH( i 6.3)
p
— tant . 6.4
p = constant, p T (6.4)

where Pr denotes the Prandtl number, R is the gas constant and C'p is the specific heat capacity for constant pressure.
In our numerical experiment, H = 2, Ty = 0.8 and 77 = 0.85. The Mach number for the moving wall is taken as
0.1. Reynold number is taken as 100 with a constant viscosity i = 0.001. The computational domain is a rectangle
(0 < z <2H,0 < z < H). For this test case, take v, = 107'°. Weak Dirichlet boundary conditions are given
for all the boudary faces. Hexahedral, prismatic and hybrid mesh are used here with 5 successively refined grids.
The second level meshes of each type are shown in Figure 6. The mesh convergence is shown in Figure 7. Errors in
the temperature and its gradient in z direction converge at first-order for HNS(POP1+P0) method. However, a super
convergence occurs when it comes to HNS(POP2+POP1(VR)) and HNS(POP3+POP2(VR)) methods, giving third- and
forth- order of accuracy for temperature and its graident in z direction.

VII. Conclusions

A new formulation of hyperbolic Navier-Stokes method, HNS20G, suitable to the reconstructed discontinuous
Galerkin framework has been developed. In this formulation, the hyperbolic viscous system is established by intro-
ducing the gradients of density, velocity and temperature as the additional variables. The high order derivatives of
the gradient variables are obtained by performing a variational reconstruction to avoid the redundant variables. Three
discretization schemes, HNS(POP1+P0), HNS(POP2+POP1(VR)) and HNS(POP3+P0OP2(VR)), have been developed,
and the residual equations are solved by an implicit solver. The methods have been verified by the method of manufac-
tured solutions, and the designed orders of accuracy have bene confirmed for all the primitive variables and gradient
variables, including one-order higher-order of accuracy in the inviscid limit. In future work, other high-order variants
should be explored, the methods will be applied to more realistic three-dimensional flow test cases on arbitrary grids,
and extended to unsteady problems.
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Figure 1. Second level of each set of mesh used for manufactured solution
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Figure 2. Residual and L2 error versus iteration manufactured solution, Re = 10.
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Figure 3. Residual and L2 error versus iteration for manufactured solution, Re = 10°.
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Figure 4. Mesh convergence for manufactured solution, Re = 10.
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Figure 5. Mesh convergence for manufactured solution, Re = 10°.
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Figure 6. Second level hexahedral, prismatic and hybrid mesh for Couette flow
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Figure 7. Mesh convergence for Couette flow, Re = 100.
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