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Do you read newspaper?

Stay informed. 

Someone somewhere may have already 
solved your problem.



Interesting High-Order Schemes

Residual-distribution schemes (Roe, VKI, INRIA, etc.)

Residual-based compact schemes (Corre and Lerat, JCP2001)

Third-order edge-based finite-volume scheme (Katz and Sankaran JCP2011)
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These schemes contain the target equation (or residual) in the truncation error (TE):
E.g., for linear advection, an RD scheme has the following TE,

Leading term vanishes in steady state, and accuracy upgraded to second-order.

T E =
h
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(a∂x + b∂y)(a∂xu+ b∂yu) +O(h2)
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Residual-distribution schemes (Roe, VKI, INRIA, etc.)

Residual-based compact schemes (Corre and Lerat, JCP2001)

Third-order edge-based finite-volume scheme (Katz and Sankaran JCP2011)

These schemes contain the target equation (or residual) in the truncation error (TE):
E.g., for linear advection, an RD scheme has the following TE,

Leading term vanishes in steady state, and accuracy upgraded to second-order.

T E =
h

2a
(a∂x + b∂y)(a∂xu+ b∂yu) +O(h2)

This talk will focus on the third-order FV scheme 
for advection-diffusion equation.



Edge-Based Finite-Volume Method

Edge-based finite-volume scheme:

with the upwind flux at edge midpoint: 

- 1st-order  with nodal values
- 2nd-order with linear extrapolation, linear LSQ
- 3rd-order with linear extrapolation, quadratic LSQ 

NASA’s FUN3D; Software Cradle’s SC/Tetra; DLR Tau code, etc.

Vj
dUj

dt
= −

∑

k∈{kj}

ΦjkAjk + SjVj

k

j

nr
jk

n!
jk

Ajk = |n!
jk + nr

jk|

Katz&Sankaran(JCP2011)

Accuracy with left/right states:



Implicit Solver

- Jacobian based on 1st-order scheme
- GS relaxation with tolerance 0.01

Residual at node j :

System of residual equations :

Update :



Third-Order Advection

Third-order FV scheme has the truncation error:

Scalar advection equation:

where 

For triangular/tetrahedral grids.
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Third-Order Advection

Third-order FV scheme has the truncation error:

Scalar advection equation:

3rd-order accurate on 2nd-order stencil  Low-Cost High-Order

where 

For triangular/tetrahedral grids.

j



Third-Order Advection-Diffusion

Diffusion scheme MUST have a 2nd-order truncation error in the form:
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Third-Order Advection-Diffusion

Diffusion scheme MUST have a 2nd-order truncation error in the form:

A compatible diffusion scheme is required for 
uniform third-order accuracy.

so that the advection-diffusion scheme has TE in the form:



Linear Galerkin for Diffusion

Linear Galerkin scheme has the TE in the form:

[3rd-order advection] + [Linear Galerkin] gives

This is a second-order scheme...

None of these terms vanish for advection-diffusion in the steady state.

3rd-order only in the advection limit.



Third-Order Galerkin for Diffusion

Third-order Galerkin (Nishikawa, VKI Lecture, 2006) has the TE in the form:
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Third-Order Galerkin for Diffusion

Third-order Galerkin (Nishikawa, VKI Lecture, 2006) has the TE in the form:

This is NOT uniformly third-order accurate.
3rd-order only in the advection limit or in the diffusion limit.

[3rd-order advection] + [3rd-order Galerkin] gives



Edge-Based Diffusion Scheme
The edge-based diffusion scheme (e.g., Nishikawa, AIAA2010, C&F2011) has a 
potential for achieving uniform third-order accuracy with a cubic 
fit, requiring at least,  9 neighbors in 2D and 18 neighbors in 3D. 

1.   Very large stencil. 
2.  Robustness (cubic gradient reconstruction).
3.  The h-ellipticity.
4.  Inconsistent Jacobian (lack of compact 1st-order scheme)
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Edge-Based Diffusion Scheme
The edge-based diffusion scheme (e.g., Nishikawa, AIAA2010, C&F2011) has a 
potential for achieving uniform third-order accuracy with a cubic 
fit, requiring at least,  9 neighbors in 2D and 18 neighbors in 3D. 

1.   Very large stencil. 
2.  Robustness (cubic gradient reconstruction).
3.  The h-ellipticity.
4.  Inconsistent Jacobian (lack of compact 1st-order scheme)

Not pursued in this work.  Why?
Because I read the newspaper.







PDEs Recreated Hyperbolic

Methods for hyperbolic systems apply to all PDEs.
Dramatic simplification/improvements to numerical methods





Foods Recreated as Burgers
Simple,  Efficient,  Accurate.

Sushi Burger!

Looks eccentric? But the taste is the same, or even better.
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Looks eccentric? But the taste is the same, or even better.

Ramen 
Burger!



Hyperbolized Diffusion

- Discretization made simple (e.g., upwind for diffusion) 
- 1st-order diffusion scheme (e.g., P0 DG)

- Consistent Jacobian for implicit diffusion solver
- Higher-order accurate gradients on irregular grids
- O(1/h) acceleration in convergence



Hyperbolized Diffusion

- Discretization made simple (e.g., upwind for diffusion) 
- 1st-order diffusion scheme (e.g., P0 DG)

- Consistent Jacobian for implicit diffusion solver
- Higher-order accurate gradients on irregular grids
- O(1/h) acceleration in convergence

See AIAA2013-1125 for details.



Hyperbolic Advection-Diffusion 
Sushi Burger for Advection-Diffusion

1. Hyperbolic in time (JCP2010)

2. Equivalent to the advection-diffusion equation in steady state.

3. Relaxation time Tr is a free parameter (no stiff source).
4. Stiffness due to second derivatives eliminated: O(1/h) Jacobian
5. Equal order of accuracy for solution and gradients



Hyperbolic Advection-Diffusion 
Sushi Burger for Advection-Diffusion

1. Hyperbolic in time (JCP2010)

2. Equivalent to the advection-diffusion equation in steady state.

3. Relaxation time Tr is a free parameter (no stiff source).
4. Stiffness due to second derivatives eliminated: O(1/h) Jacobian
5. Equal order of accuracy for solution and gradients

Hyperbolic DiffusionAdvection



Fully Hyperbolic Advection-Diffusion 
Advection + Fully Hyperbolic Diffusion (AIAA2013-1125)

Tr =
L2
r

ν
, Lr =

1

2π

Normal Flux: 

where
(AIAA2013-1125)

NOTE:  It reduces to the scalar advection as            . 



Fully Hyperbolic Advection-Diffusion 
Advection + Fully Hyperbolic Diffusion (AIAA2013-1125)

Upwind flux constructed for each independently.

Tr =
L2
r

ν
, Lr =

1

2π

Normal Flux: 

where
(AIAA2013-1125)

NOTE:  It reduces to the scalar advection as            . 



Upwind Flux for All
Define the numerical flux as a sum of upwind fluxes:

Upwind Advection

Upwind Diffusion

Upwind Source



Same scheme, same truncation error.
The compatibility problem doesn’t exist.
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Upwind Source



First-Order Scheme

Left and right states:

UL = Uj , UR = Uk

j k

L

R



First-Order Scheme

Left and right states:

UL = Uj , UR = Uk

j k

L

R

SchemeII:  Reconstruct the solution by using p and q.

∆ljk = (xk − xj , yk − yj)

(AIAA 2013-1125)



First-Order Scheme

Left and right states:

Stencil remains compact.
First-order, but second-order in the advection limit.

UL = Uj , UR = Uk

j k

L

R

SchemeII:  Reconstruct the solution by using p and q.

∆ljk = (xk − xj , yk − yj)

(AIAA 2013-1125)



Second-Order Scheme

1. Compute gradients at nodes (e.g., LSQ).
2. Extrapolate the solution to the midpoint. 

j k
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For triangular/tetrahedral and smooth mixed grids.
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Second-Order Scheme

1. Compute gradients at nodes (e.g., LSQ).
2. Extrapolate the solution to the midpoint. 

j k

L

R

Second-order, but third-order in the advection limit.

For triangular/tetrahedral and smooth mixed grids.
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SchemeII:



Third-Order Scheme
 (Katz and Sankaran JCP2011)

j k

L

R
1. Quadratic LSQ gradients at nodes.
2. Extrapolate the solution to the midpoint. 

For triangular/tetrahedral grids.



Third-Order Scheme
 (Katz and Sankaran JCP2011)

j k

L

R
1. Quadratic LSQ gradients at nodes.
2. Extrapolate the solution to the midpoint. 

For triangular/tetrahedral grids.

uL = uj +
1

2
(pj , qj) ·∆ljk, uR = uk − 1

2
(pk, qk) ·∆ljk

pL = pj +
1

2
∇pj ·∆ljk, pR = pk − 1

2
∇pk ·∆ljk

qL = qj +
1

2
∇qj ·∆ljk, qR = qk − 1

2
∇qk ·∆ljk

Left and right states:

Uniformly third-order accurate for u, p, and q.

SchemeII:
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Truncation Error
3rd-order scheme



Truncation Error

Of course, uniformly 3rd-order accurate.

3rd-order scheme



x

y

0 1
0

1

Numerical Results
Exact solution (See “I Do Like CFD,  VOL.1”):

- 8 irregular grids: 
     N = n x n   n=33, 65, 97, 129, 161, 193, 225, 257
- Dirichlet boundary condition.
- Quadratic fit (full augmentation, two-steps) 
- Defect Correction (Implicit solver)
- Converged when residual drops by10 orders
- Compare with the Galerkin and Galerkin(3rd).



Discretization and Jacobians

Designation       Discretizaiton                 Jacobian

Galerkin               3rd-order   2nd-order Galerkin   1st-order      Exact
Galerkin(3rd)        3rd-order   3rd-order Galerkin   1st-order      2nd-order 

SchemeII(1st)             1st-order  upwind                             Exact
SchemeII(2nd)            2nd-order upwind                   1st-order upwind 
SchemeII(3rd)             3rd-order upwind                   1st-order upwind  

 Advection      Diffusion                 Advection      Diffusion    

Simple like pure advection schemes.



Error Convergence

ï2.5 ï2 ï1.5
ï9

ï8

ï7

ï6

ï5

ï4

ï3

ï2

ï1

Log
10

(h)

Lo
g 10

(L
1 e

rr
or

 o
f u

)

Re=1.0e−06

ï2.5 ï2 ï1.5
ï9

ï8

ï7

ï6

ï5

ï4

ï3

ï2

ï1

Log
10

(h)

Lo
g 10

(L
1 e

rr
or

 o
f p

)

 

 

Galerkin
Galerkin(3rd)
SchemeII(1st)
SchemeII(2nd)
SchemeII(3rd)
Slope 1
Slope 2
Slope 3

ï2.5 ï2 ï1.5
ï9

ï8

ï7

ï6

ï5

ï4

ï3

ï2

ï1

Log
10

(h)

Lo
g 10

(L
1 e

rr
or

 o
f u

)

Re=1.0e−06

ï2.5 ï2 ï1.5
ï9

ï8

ï7

ï6

ï5

ï4

ï3

ï2

ï1

Log
10

(h)

Lo
g 10

(L
1 e

rr
or

 o
f p

)

 

 

Galerkin
Galerkin(3rd)
SchemeII(1st)
SchemeII(2nd)
SchemeII(3rd)
Slope 1
Slope 2
Slope 3



Error Convergence

ï2.5 ï2 ï1.5
ï9

ï8

ï7

ï6

ï5

ï4

ï3

ï2

ï1

Log
10

(h)

Lo
g 10

(L
1 e

rr
or

 o
f u

)

Re=1.0e−03

ï2.5 ï2 ï1.5
ï9

ï8

ï7

ï6

ï5

ï4

ï3

ï2

ï1

Log
10

(h)

Lo
g 10

(L
1 e

rr
or

 o
f p

)

 

 

Galerkin
Galerkin(3rd)
SchemeII(1st)
SchemeII(2nd)
SchemeII(3rd)
Slope 1
Slope 2
Slope 3

ï2.5 ï2 ï1.5
ï9

ï8

ï7

ï6

ï5

ï4

ï3

ï2

ï1

Log
10

(h)

Lo
g 10

(L
1 e

rr
or

 o
f u

)

Re=1.0e−03

ï2.5 ï2 ï1.5
ï9

ï8

ï7

ï6

ï5

ï4

ï3

ï2

ï1

Log
10

(h)

Lo
g 10

(L
1 e

rr
or

 o
f p

)

 

 

Galerkin
Galerkin(3rd)
SchemeII(1st)
SchemeII(2nd)
SchemeII(3rd)
Slope 1
Slope 2
Slope 3



Error Convergence

ï2.5 ï2 ï1.5
ï9

ï8

ï7

ï6

ï5

ï4

ï3

ï2

ï1

Log
10

(h)

Lo
g 10

(L
1 e

rr
or

 o
f u

)

Re=1.0e−02

ï2.5 ï2 ï1.5
ï9

ï8

ï7

ï6

ï5

ï4

ï3

ï2

ï1

Log
10

(h)

Lo
g 10

(L
1 e

rr
or

 o
f p

)

 

 

Galerkin
Galerkin(3rd)
SchemeII(1st)
SchemeII(2nd)
SchemeII(3rd)
Slope 1
Slope 2
Slope 3

ï2.5 ï2 ï1.5
ï9

ï8

ï7

ï6

ï5

ï4

ï3

ï2

ï1

Log
10

(h)

Lo
g 10

(L
1 e

rr
or

 o
f u

)

Re=1.0e−02

ï2.5 ï2 ï1.5
ï9

ï8

ï7

ï6

ï5

ï4

ï3

ï2

ï1

Log
10

(h)

Lo
g 10

(L
1 e

rr
or

 o
f p

)

 

 

Galerkin
Galerkin(3rd)
SchemeII(1st)
SchemeII(2nd)
SchemeII(3rd)
Slope 1
Slope 2
Slope 3



Error Convergence

ï2.5 ï2 ï1.5
ï9

ï8

ï7

ï6

ï5

ï4

ï3

ï2

ï1

Log
10

(h)

Lo
g 10

(L
1 e

rr
or

 o
f u

)

Re=1.0e−01

ï2.5 ï2 ï1.5
ï9

ï8

ï7

ï6

ï5

ï4

ï3

ï2

ï1

Log
10

(h)

Lo
g 10

(L
1 e

rr
or

 o
f p

)

 

 

Galerkin
Galerkin(3rd)
SchemeII(1st)
SchemeII(2nd)
SchemeII(3rd)
Slope 1
Slope 2
Slope 3

ï2.5 ï2 ï1.5
ï9

ï8

ï7

ï6

ï5

ï4

ï3

ï2

ï1

Log
10

(h)

Lo
g 10

(L
1 e

rr
or

 o
f u

)

Re=1.0e−01

ï2.5 ï2 ï1.5
ï9

ï8

ï7

ï6

ï5

ï4

ï3

ï2

ï1

Log
10

(h)

Lo
g 10

(L
1 e

rr
or

 o
f p

)

 

 

Galerkin
Galerkin(3rd)
SchemeII(1st)
SchemeII(2nd)
SchemeII(3rd)
Slope 1
Slope 2
Slope 3



Error Convergence

ï2.5 ï2 ï1.5
ï9

ï8

ï7

ï6

ï5

ï4

ï3

ï2

ï1

Log
10

(h)

Lo
g 10

(L
1 e

rr
or

 o
f u

)

Re=1.0e+00

ï2.5 ï2 ï1.5
ï9

ï8

ï7

ï6

ï5

ï4

ï3

ï2

ï1

Log
10

(h)

Lo
g 10

(L
1 e

rr
or

 o
f p

)

 

 

Galerkin
Galerkin(3rd)
SchemeII(1st)
SchemeII(2nd)
SchemeII(3rd)
Slope 1
Slope 2
Slope 3

ï2.5 ï2 ï1.5
ï9

ï8

ï7

ï6

ï5

ï4

ï3

ï2

ï1

Log
10

(h)

Lo
g 10

(L
1 e

rr
or

 o
f u

)

Re=1.0e+00

ï2.5 ï2 ï1.5
ï9

ï8

ï7

ï6

ï5

ï4

ï3

ï2

ï1

Log
10

(h)

Lo
g 10

(L
1 e

rr
or

 o
f p

)

 

 

Galerkin
Galerkin(3rd)
SchemeII(1st)
SchemeII(2nd)
SchemeII(3rd)
Slope 1
Slope 2
Slope 3



Error Convergence

ï2.5 ï2 ï1.5
ï9

ï8

ï7

ï6

ï5

ï4

ï3

ï2

ï1

Log
10

(h)

Lo
g 10

(L
1 e

rr
or

 o
f u

)

Re=1.0e+01

ï2.5 ï2 ï1.5
ï9

ï8

ï7

ï6

ï5

ï4

ï3

ï2

ï1

Log
10

(h)

Lo
g 10

(L
1 e

rr
or

 o
f p

)

 

 

Galerkin
Galerkin(3rd)
SchemeII(1st)
SchemeII(2nd)
SchemeII(3rd)
Slope 1
Slope 2
Slope 3

ï2.5 ï2 ï1.5
ï9

ï8

ï7

ï6

ï5

ï4

ï3

ï2

ï1

Log
10

(h)

Lo
g 10

(L
1 e

rr
or

 o
f u

)

Re=1.0e+01

ï2.5 ï2 ï1.5
ï9

ï8

ï7

ï6

ï5

ï4

ï3

ï2

ï1

Log
10

(h)

Lo
g 10

(L
1 e

rr
or

 o
f p

)

 

 

Galerkin
Galerkin(3rd)
SchemeII(1st)
SchemeII(2nd)
SchemeII(3rd)
Slope 1
Slope 2
Slope 3



Error Convergence

ï2.5 ï2 ï1.5
ï9

ï8

ï7

ï6

ï5

ï4

ï3

ï2

ï1

Log
10

(h)

Lo
g 10

(L
1 e

rr
or

 o
f u

)

Re=1.0e+02

ï2.5 ï2 ï1.5
ï9

ï8

ï7

ï6

ï5

ï4

ï3

ï2

ï1

Log
10

(h)

Lo
g 10

(L
1 e

rr
or

 o
f p

)

 

 

Galerkin
Galerkin(3rd)
SchemeII(1st)
SchemeII(2nd)
SchemeII(3rd)
Slope 1
Slope 2
Slope 3

ï2.5 ï2 ï1.5
ï9

ï8

ï7

ï6

ï5

ï4

ï3

ï2

ï1

Log
10

(h)

Lo
g 10

(L
1 e

rr
or

 o
f u

)

Re=1.0e+02

ï2.5 ï2 ï1.5
ï9

ï8

ï7

ï6

ï5

ï4

ï3

ï2

ï1

Log
10

(h)

Lo
g 10

(L
1 e

rr
or

 o
f p

)

 

 

Galerkin
Galerkin(3rd)
SchemeII(1st)
SchemeII(2nd)
SchemeII(3rd)
Slope 1
Slope 2
Slope 3



Error Convergence

ï2.5 ï2 ï1.5
ï9

ï8

ï7

ï6

ï5

ï4

ï3

ï2

ï1

Log
10

(h)

Lo
g 10

(L
1 e

rr
or

 o
f u

)

Re=1.0e+03

ï2.5 ï2 ï1.5
ï9

ï8

ï7

ï6

ï5

ï4

ï3

ï2

ï1

Log
10

(h)

Lo
g 10

(L
1 e

rr
or

 o
f p

)

 

 

Galerkin
Galerkin(3rd)
SchemeII(1st)
SchemeII(2nd)
SchemeII(3rd)
Slope 1
Slope 2
Slope 3

ï2.5 ï2 ï1.5
ï9

ï8

ï7

ï6

ï5

ï4

ï3

ï2

ï1

Log
10

(h)

Lo
g 10

(L
1 e

rr
or

 o
f u

)

Re=1.0e+03

ï2.5 ï2 ï1.5
ï9

ï8

ï7

ï6

ï5

ï4

ï3

ï2

ï1

Log
10

(h)

Lo
g 10

(L
1 e

rr
or

 o
f p

)

 

 

Galerkin
Galerkin(3rd)
SchemeII(1st)
SchemeII(2nd)
SchemeII(3rd)
Slope 1
Slope 2
Slope 3



Error Convergence

ï2.5 ï2 ï1.5
ï9

ï8

ï7

ï6

ï5

ï4

ï3

ï2

ï1

Log
10

(h)

Lo
g 10

(L
1 e

rr
or

 o
f u

)

Re=1.0e+06

ï2.5 ï2 ï1.5
ï9

ï8

ï7

ï6

ï5

ï4

ï3

ï2

ï1

Log
10

(h)

Lo
g 10

(L
1 e

rr
or

 o
f p

)

 

 

Galerkin
Galerkin(3rd)
SchemeII(1st)
SchemeII(2nd)
SchemeII(3rd)
Slope 1
Slope 2
Slope 3

ï2.5 ï2 ï1.5
ï9

ï8

ï7

ï6

ï5

ï4

ï3

ï2

ï1

Log
10

(h)

Lo
g 10

(L
1 e

rr
or

 o
f u

)

Re=1.0e+06

ï2.5 ï2 ï1.5
ï9

ï8

ï7

ï6

ï5

ï4

ï3

ï2

ï1

Log
10

(h)

Lo
g 10

(L
1 e

rr
or

 o
f p

)

 

 

Galerkin
Galerkin(3rd)
SchemeII(1st)
SchemeII(2nd)
SchemeII(3rd)
Slope 1
Slope 2
Slope 3



Iterative Convergence

0 200 400
0

10

20

30

40

50

60

70

80

90

100

110

1/h

It
er
a
ti
o
n
s

Re=1.0e-06

1 2 3
1

1.5

2

2.5

3

3.5

4

4.5

5

Log10(1/h)

L
og

10
(G

S
L
in
ea
r
S
w
ee
p
s)

2 1

1 2 3
ï2

ï1

0

1

2

3

4

Log10(1/h)

L
og

10
(C

P
U

T
im

e)

4 3

0 200 400
0

10

20

30

40

50

60

70

80

90

100

110

1/h

It
er
a
ti
o
n
s

Re=1.0e-06

1 2 3
1

1.5

2

2.5

3

3.5

4

4.5

5

Log10(1/h)

L
og

10
(G

S
L
in
ea
r
S
w
ee
p
s)

2 1

1 2 3
ï2

ï1

0

1

2

3

4

Log10(1/h)

L
og

10
(C

P
U

T
im

e)

4 3

ï2.5 ï2 ï1.5
ï9

ï8

ï7

ï6

ï5

ï4

ï3

ï2

ï1

Log
10

(h)

Lo
g 10

(L
1 e

rr
or

 o
f u

)

Re=1.0e+06

ï2.5 ï2 ï1.5
ï9

ï8

ï7

ï6

ï5

ï4

ï3

ï2

ï1

Log
10

(h)

Lo
g 10

(L
1 e

rr
or

 o
f p

)

 

 

Galerkin
Galerkin(3rd)
SchemeII(1st)
SchemeII(2nd)
SchemeII(3rd)
Slope 1
Slope 2
Slope 3



Iterative Convergence

0 200 400
0

10

20

30

40

50

60

70

80

90

100

110

1/h

It
er
a
ti
o
n
s

Re=1.0e-03

1 2 3
1

1.5

2

2.5

3

3.5

4

4.5

5

Log10(1/h)

L
og

10
(G

S
L
in
ea
r
S
w
ee
p
s)

2 1

1 2 3
ï2

ï1

0

1

2

3

4

Log10(1/h)

L
og

10
(C

P
U

T
im

e)

4 3

0 200 400
0

10

20

30

40

50

60

70

80

90

100

110

1/h

It
er
a
ti
o
n
s

Re=1.0e-03

1 2 3
1

1.5

2

2.5

3

3.5

4

4.5

5

Log10(1/h)

L
og

10
(G

S
L
in
ea
r
S
w
ee
p
s)

2 1

1 2 3
ï2

ï1

0

1

2

3

4

Log10(1/h)

L
og

10
(C

P
U

T
im

e)

4 3

ï2.5 ï2 ï1.5
ï9

ï8

ï7

ï6

ï5

ï4

ï3

ï2

ï1

Log
10

(h)

Lo
g 10

(L
1 e

rr
or

 o
f u

)

Re=1.0e+06

ï2.5 ï2 ï1.5
ï9

ï8

ï7

ï6

ï5

ï4

ï3

ï2

ï1

Log
10

(h)

Lo
g 10

(L
1 e

rr
or

 o
f p

)

 

 

Galerkin
Galerkin(3rd)
SchemeII(1st)
SchemeII(2nd)
SchemeII(3rd)
Slope 1
Slope 2
Slope 3



Iterative Convergence

0 200 400
0

10

20

30

40

50

60

70

80

90

100

110

1/h

It
er
a
ti
o
n
s

Re=1.0e-02

1 2 3
1

1.5

2

2.5

3

3.5

4

4.5

5

Log10(1/h)

L
og

10
(G

S
L
in
ea
r
S
w
ee
p
s)

2 1

1 2 3
ï2

ï1

0

1

2

3

4

Log10(1/h)

L
og

10
(C

P
U

T
im

e)

4 3

0 200 400
0

10

20

30

40

50

60

70

80

90

100

110

1/h

It
er
a
ti
o
n
s

Re=1.0e-02

1 2 3
1

1.5

2

2.5

3

3.5

4

4.5

5

Log10(1/h)

L
og

10
(G

S
L
in
ea
r
S
w
ee
p
s)

2 1

1 2 3
ï2

ï1

0

1

2

3

4

Log10(1/h)

L
og

10
(C

P
U

T
im

e)

4 3

ï2.5 ï2 ï1.5
ï9

ï8

ï7

ï6

ï5

ï4

ï3

ï2

ï1

Log
10

(h)

Lo
g 10

(L
1 e

rr
or

 o
f u

)

Re=1.0e+06

ï2.5 ï2 ï1.5
ï9

ï8

ï7

ï6

ï5

ï4

ï3

ï2

ï1

Log
10

(h)

Lo
g 10

(L
1 e

rr
or

 o
f p

)

 

 

Galerkin
Galerkin(3rd)
SchemeII(1st)
SchemeII(2nd)
SchemeII(3rd)
Slope 1
Slope 2
Slope 3



Iterative Convergence

0 200 400
0

10

20

30

40

50

60

70

80

90

100

110

1/h

It
er
a
ti
o
n
s

Re=1.0e-01

1 2 3
1

1.5

2

2.5

3

3.5

4

4.5

5

Log10(1/h)

L
og

10
(G

S
L
in
ea
r
S
w
ee
p
s)

2 1

1 2 3
ï2

ï1

0

1

2

3

4

Log10(1/h)

L
og

10
(C

P
U

T
im

e)

4 3

0 200 400
0

10

20

30

40

50

60

70

80

90

100

110

1/h

It
er
a
ti
o
n
s

Re=1.0e-01

1 2 3
1

1.5

2

2.5

3

3.5

4

4.5

5

Log10(1/h)

L
og

10
(G

S
L
in
ea
r
S
w
ee
p
s)

2 1

1 2 3
ï2

ï1

0

1

2

3

4

Log10(1/h)

L
og

10
(C

P
U

T
im

e)

4 3

ï2.5 ï2 ï1.5
ï9

ï8

ï7

ï6

ï5

ï4

ï3

ï2

ï1

Log
10

(h)

Lo
g 10

(L
1 e

rr
or

 o
f u

)

Re=1.0e+06

ï2.5 ï2 ï1.5
ï9

ï8

ï7

ï6

ï5

ï4

ï3

ï2

ï1

Log
10

(h)

Lo
g 10

(L
1 e

rr
or

 o
f p

)

 

 

Galerkin
Galerkin(3rd)
SchemeII(1st)
SchemeII(2nd)
SchemeII(3rd)
Slope 1
Slope 2
Slope 3



Iterative Convergence

0 200 400
0

10

20

30

40

50

60

70

80

90

100

110

1/h

It
er
a
ti
o
n
s

Re=1.0e+00

1 2 3
1

1.5

2

2.5

3

3.5

4

4.5

5

Log10(1/h)

L
og

10
(G

S
L
in
ea
r
S
w
ee
p
s)

2 1

1 2 3
ï2

ï1

0

1

2

3

4

Log10(1/h)

L
og

10
(C

P
U

T
im

e)

4 3

0 200 400
0

10

20

30

40

50

60

70

80

90

100

110

1/h

It
er
a
ti
o
n
s

Re=1.0e+00

1 2 3
1

1.5

2

2.5

3

3.5

4

4.5

5

Log10(1/h)

L
og

10
(G

S
L
in
ea
r
S
w
ee
p
s)

2 1

1 2 3
ï2

ï1

0

1

2

3

4

Log10(1/h)

L
og

10
(C

P
U

T
im

e)

4 3

ï2.5 ï2 ï1.5
ï9

ï8

ï7

ï6

ï5

ï4

ï3

ï2

ï1

Log
10

(h)

Lo
g 10

(L
1 e

rr
or

 o
f u

)

Re=1.0e+06

ï2.5 ï2 ï1.5
ï9

ï8

ï7

ï6

ï5

ï4

ï3

ï2

ï1

Log
10

(h)

Lo
g 10

(L
1 e

rr
or

 o
f p

)

 

 

Galerkin
Galerkin(3rd)
SchemeII(1st)
SchemeII(2nd)
SchemeII(3rd)
Slope 1
Slope 2
Slope 3



Iterative Convergence

0 200 400
0

10

20

30

40

50

60

70

80

90

100

110

1/h

It
er
a
ti
o
n
s

Re=1.0e+01

1 2 3
1

1.5

2

2.5

3

3.5

4

4.5

5

Log10(1/h)

L
og

10
(G

S
L
in
ea
r
S
w
ee
p
s)

2 1

1 2 3
ï2

ï1

0

1

2

3

4

Log10(1/h)

L
og

10
(C

P
U

T
im

e)

4 3

0 200 400
0

10

20

30

40

50

60

70

80

90

100

110

1/h

It
er
a
ti
o
n
s

Re=1.0e+01

1 2 3
1

1.5

2

2.5

3

3.5

4

4.5

5

Log10(1/h)

L
og

10
(G

S
L
in
ea
r
S
w
ee
p
s)

2 1

1 2 3
ï2

ï1

0

1

2

3

4

Log10(1/h)

L
og

10
(C

P
U

T
im

e)

4 3

ï2.5 ï2 ï1.5
ï9

ï8

ï7

ï6

ï5

ï4

ï3

ï2

ï1

Log
10

(h)

Lo
g 10

(L
1 e

rr
or

 o
f u

)

Re=1.0e+06

ï2.5 ï2 ï1.5
ï9

ï8

ï7

ï6

ï5

ï4

ï3

ï2

ï1

Log
10

(h)

Lo
g 10

(L
1 e

rr
or

 o
f p

)

 

 

Galerkin
Galerkin(3rd)
SchemeII(1st)
SchemeII(2nd)
SchemeII(3rd)
Slope 1
Slope 2
Slope 3



Iterative Convergence

0 200 400
0

10

20

30

40

50

60

70

80

90

100

110

1/h

It
er
a
ti
o
n
s

Re=1.0e+02

1 2 3
1

1.5

2

2.5

3

3.5

4

4.5

5

Log10(1/h)

L
og

10
(G

S
L
in
ea
r
S
w
ee
p
s)

2 1

1 2 3
ï2

ï1

0

1

2

3

4

Log10(1/h)

L
og

10
(C

P
U

T
im

e)

4 3

0 200 400
0

10

20

30

40

50

60

70

80

90

100

110

1/h

It
er
a
ti
o
n
s

Re=1.0e+02

1 2 3
1

1.5

2

2.5

3

3.5

4

4.5

5

Log10(1/h)

L
og

10
(G

S
L
in
ea
r
S
w
ee
p
s)

2 1

1 2 3
ï2

ï1

0

1

2

3

4

Log10(1/h)

L
og

10
(C

P
U

T
im

e)

4 3

ï2.5 ï2 ï1.5
ï9

ï8

ï7

ï6

ï5

ï4

ï3

ï2

ï1

Log
10

(h)

Lo
g 10

(L
1 e

rr
or

 o
f u

)

Re=1.0e+06

ï2.5 ï2 ï1.5
ï9

ï8

ï7

ï6

ï5

ï4

ï3

ï2

ï1

Log
10

(h)

Lo
g 10

(L
1 e

rr
or

 o
f p

)

 

 

Galerkin
Galerkin(3rd)
SchemeII(1st)
SchemeII(2nd)
SchemeII(3rd)
Slope 1
Slope 2
Slope 3



Iterative Convergence

0 200 400
0

10

20

30

40

50

60

70

80

90

100

110

1/h

It
er
a
ti
o
n
s

Re=1.0e+03

1 2 3
1

1.5

2

2.5

3

3.5

4

4.5

5

Log10(1/h)

L
og

10
(G

S
L
in
ea
r
S
w
ee
p
s)

2 1

1 2 3
ï2

ï1

0

1

2

3

4

Log10(1/h)

L
og

10
(C

P
U

T
im

e)

4 3

0 200 400
0

10

20

30

40

50

60

70

80

90

100

110

1/h

It
er
a
ti
o
n
s

Re=1.0e+03

1 2 3
1

1.5

2

2.5

3

3.5

4

4.5

5

Log10(1/h)

L
og

10
(G

S
L
in
ea
r
S
w
ee
p
s)

2 1

1 2 3
ï2

ï1

0

1

2

3

4

Log10(1/h)

L
og

10
(C

P
U

T
im

e)

4 3

ï2.5 ï2 ï1.5
ï9

ï8

ï7

ï6

ï5

ï4

ï3

ï2

ï1

Log
10

(h)

Lo
g 10

(L
1 e

rr
or

 o
f u

)

Re=1.0e+06

ï2.5 ï2 ï1.5
ï9

ï8

ï7

ï6

ï5

ï4

ï3

ï2

ï1

Log
10

(h)

Lo
g 10

(L
1 e

rr
or

 o
f p

)

 

 

Galerkin
Galerkin(3rd)
SchemeII(1st)
SchemeII(2nd)
SchemeII(3rd)
Slope 1
Slope 2
Slope 3



Iterative Convergence

0 200 400
0

10

20

30

40

50

60

70

80

90

100

110

1/h

It
er
a
ti
o
n
s

Re=1.0e+06

1 2 3
1

1.5

2

2.5

3

3.5

4

4.5

5

Log10(1/h)

L
og

10
(G

S
L
in
ea
r
S
w
ee
p
s)

2 1

1 2 3
ï2

ï1

0

1

2

3

4

Log10(1/h)

L
og

10
(C

P
U

T
im

e)

4 3

0 200 400
0

10

20

30

40

50

60

70

80

90

100

110

1/h

It
er
a
ti
o
n
s

Re=1.0e+06

1 2 3
1

1.5

2

2.5

3

3.5

4

4.5

5

Log10(1/h)

L
og

10
(G

S
L
in
ea
r
S
w
ee
p
s)

2 1

1 2 3
ï2

ï1

0

1

2

3

4

Log10(1/h)

L
og

10
(C

P
U

T
im

e)

4 3

ï2.5 ï2 ï1.5
ï9

ï8

ï7

ï6

ï5

ï4

ï3

ï2

ï1

Log
10

(h)

Lo
g 10

(L
1 e

rr
or

 o
f u

)

Re=1.0e+06

ï2.5 ï2 ï1.5
ï9

ï8

ï7

ï6

ï5

ï4

ï3

ï2

ï1

Log
10

(h)

Lo
g 10

(L
1 e

rr
or

 o
f p

)

 

 

Galerkin
Galerkin(3rd)
SchemeII(1st)
SchemeII(2nd)
SchemeII(3rd)
Slope 1
Slope 2
Slope 3



Uniformly accurate implicit upwind FV schemes constructed for 
the advection-diffusion equation on irregular grids, and 

verified for a wide range of Reynolds numbers

Simple,  Efficient,  Accurate.

Conclusions

1st-order scheme:    1st-order accurate solution and gradients
                                 2nd-order accurate solution in advection limit

2nd-order scheme:   2nd-order accurate solution and gradients
                                 3rd-order accurate solution in advection limit

3rd-order scheme:   3rd-order accurate solution and gradients
                                         nearly at the cost of 2nd-order scheme

compact, no gradient reconstruction, Newton convergence

Linear LSQ gradients



- High aspect ratio grids

- Time-accurate computations by implicit time-stepping

- 3rd-order hyperbolic Navier-Stokes solver

Many many many others... 

Future Work

(Alireza Mazaheri NASA LaRC)






