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Third-Order Edge-Based Hyperbolic Navier-Stokes
Scheme for Three-Dimensional Viscous Flows

Yi Liu*and Hiroaki Nishikawa'
National Institute of Aerospace, Hampton, VA 23666

In this paper, we present a third-order edge-based scheme for the three-dimensional Navier-
Stokes equations. The node-centered edge-based scheme is known to achieve third-order accu-
racy on tetrahedral grids with quadratic least-squares gradients and linear flux reconstruction
for first-order hyperbolic systems. It is extended to the viscous terms by the hyperbolic
Navier-Stokes method, in which the viscous terms are written as a first-order hyperbolic sys-
tem with source terms. The source terms introduced by the hyperbolic formulation are dis-
cretized by a new formula recently discovered, which does not require second derivatives. The
developed scheme is implemented in NASA’s FUN3D code, and tested for three-dimensional
laminar flow problems.

I. Introduction

This paper reports further progress in the development of an economical third-order edge-based scheme in
NASA’s FUN3D code [1]. Extending the previously developed third-order inviscid scheme to the viscous terms,
we present a third-order edge-based Navier-Stokes scheme for three-dimensional viscous flows. To achieve third-
order accuracy for the viscous terms, we employ the hyperbolic Navier-Stokes (HNS) method [2,3,4, 5], which
reformulates the viscous terms as a hyperbolic system with the solution gradients introduced as additional
unknowns. The developed scheme is implemented in FUN3D, verified, and applied for viscous flow problems.

An extension of the third-order edge-based scheme to the conventional viscous terms has been reported in
Ref.[6]. The method requires cubic least-squares (LSQ) gradients for the viscous fluxes. They proposed to
compute the cubic LSQ gradients on systematically constructed high-order elements. Despite the simplicity in
the LSQ algorithm, this approach has been shown to require high-order curved grids for curved geometries [7].
Also, the method has been applied to three-dimensional problems with strand grids, where the two-dimensional
scheme is applied on triangular layers and carefully combined with a high-order finite-difference method in the
direction normal to solid bodies [8]. Therefore, their third-order edge-based scheme is essentially two-dimensional
even for three-dimensional problems.

On the other hand, our focus is on the development of the third-order edge-based scheme on tetrahedral grids
for improving practical unstructured-grid turbulent-flow solvers with arbitrary isotropic/anisotropic grid adap-
tation for complex geometries [9,10,11,12,13]. For the viscous terms, we avoid cubic LSQ fits by reformulating
the viscous terms as a first-order hyperbolic system, so that the same algorithm can be applied to the inviscid
and viscous terms [1,2,3,5,4], i.e., with quadratic LSQ fits for both fluxes. Also, we have derived a general
accuracy-preserving boundary flux quadrature formula, which enables to achieve third-order accuracy on linear
triangular/tetrahedral grids for curved geometries [1,14]. Previously, we developed an efficient construction of
the third-order edge-based scheme for the inviscid terms by using a second-order edge-based scheme for the hy-
perbolized viscous terms. In this work, we extend the scheme to a full third-order scheme for the Navier-Stokes
equations. To construct a third-order viscous scheme, the source terms introduced by the hyperbolic viscous
formulation need to be carefully discretized to satisfy a compatibility condition required to preserve third-order
accuracy. Special source term discretization formulas previously developed [6,15,16] require the computation
and storage of the second derivatives of the source terms, which can be quite demanding in three dimensions.
A recent study [17] has revealed that there exists a one-parameter family of source discretization formulas that
does not require second derivatives at all. Also, there is a unique formula in the one-parameter family that
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does not even require the gradients at the neighbor nodes. In this study, we employ this efficient formula to
discretize the source terms in the hyperbolic viscous terms and those for the method of manufactured solutions.
The resulting third-order Navier-Stokes scheme is highly efficient: (1)the residual is computed in a loop over
edges with a single numerical flux per edge; (2)high-order curved mesh is not required for curved geometries;
(3)only quadratic LSQ gradients are needed for the viscous and unsteady problems; (4)derivative quantities such
as the viscous stresses, the heat fluxes, and the vorticity are obtained with third-order accuracy on irregular
tetrahedral grids; (5)convergence acceleration due to reduced numerical stiffness is achieved on refined grids.

II. Hyperbolic Navier-Stokes System in Three Dimensions

The governing system of equations is the HNS20 system in three dimensions [5]:
P '0,U+divF +S =0, (I1.1)

where 7 is a pseudo time, P! is a diagonal scaling matrix, U is the conservative variables augmented with
the gradient variables (gu,8&v,8w,q,r), F is the flux tensor, and S is a source term vector arising from the
hyperbolic formulation of the viscous terms. The gradient variables are proportional to the gradients of the
primitive variables when the pseudo-time term vanishes or is ignored:

Hh

SR (I1.2)

r=v,Vp, 8= |8u 8v8u] = [1Vu, 1, Vo, n, V], q=-—
where p is the density, v = (u,v,w) is the velocity vector, T is the temperature,  is the ratio of specific heats,
and

4p YH

— = I1.3
5 M= oo (IL.3)
Vimin is the minimum dual control volume of a given grid [5] (i.e., v, is a global constant), u is the viscosity
given by Sutherland’s law, and Pr is the Prandt]l number. The pressure gradient can be obtained directly from

r and q:

Vy = Vinin, Hoy =

vp— Lo —Ya_ Tr (I1.4)
Hh YVp
See Refs.[3,5] for more details of the HNS20 system. All solutions are non-dimensionalized by free-stream values
except that the velocity and the pressure are normalized by the free-stream speed of sound and the free-stream
dynamic pressure, respectively [5,18,19].
In this paper, we focus on the source term:

S = [07 07 07 07 07 gu/:uva gv//’b’U? gw/luv7 q/:uha r/yp]t N (115)

A careful source term discretization is required to preserve third-order accuracy. The general divergence for-
mulation of source terms in Ref.[16] or the extended Galerkin formula [6] can be directly applied, but it will
require computations of the second derivatives of the source term. To avoid second derivatives, a hyperbolic
formulation for these source terms have been developed [3,20,21]. The source term is written as a first-order
hyperbolic system, and therefore can be discretized straightforwardly by the third-order edge-based scheme with
the quadratic LSQ gradients. However, this approach requires the gradients at the neighbor nodes, which can
largely increase the stencil size especially when the quadratic LSQ stencil extends to neighbors of neighbors. To
further reduce the stencil size of the source discretization, we have recently derived new source term discretiza-
tion formulas that do not require second derivatives as well as the gradients at the neighbor nodes [17]. Here,
we employ this very economical formula to discretize the source term S.

III. Third-Order Edge-Based Scheme

The HNS20 system is discretized on a tetrahedral grid by the node-centered edge-based method. The
discretization at a node j is defined as

du,
i ="Pi| X 'I’jk|njk|_/V‘SdV : (ITL.1)
kelhs} j
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Figure 1: Dual control volume faces in a tetrahedral
stencil. Figure 2: Regular tetrahedral grid.

where P; is the diagonal scaling matrix, V; is the measure of the dual control volume around, {k;} is a set of
neighbors of the node j, ®;; is a numerical flux, and nj; is the directed area vector, which is a sum of the
directed-areas corresponding to the dual-triangular faces associated with all tetrahedral elements sharing the
edge [j, k] (see Figure 1). The numerical flux is upwind, and computed at the edge midpoint. The source term
discretization is left open at this point.

To achieve third-order accuracy, the fluxes need to be linearly extrapolated to the edge midpoint, and the
solution gradients need to be computed by a quadratic LSQ fit. In the previous work [1,5], the flux extrapolation
was applied to the inviscid flux only and the quadratic fit was applied (with the two-step implementation as
described in Ref.[21]) only to the primitive variables. Therefore, third-order accuracy was achieved only for
the inviscid terms. In this work, we extend the third-order scheme to the viscous fluxes by performing the
linear flux extrapolation for the viscous fluxes and computing the LSQ gradients of the gradient variables by
the quadratic fit. In order to achieve third-order accuracy, the source term also needs to be discretized in a
compatible manner as discussed in the next section.

IV. Source Term Discretizations

Third-order edge-based scheme relies on a special property of vanishing second-order truncation errors. On
a regular tetrahedral grid as shown in Figure 2, the truncation error of the third-order edge-based scheme with
S =0 is given by

1 h?
v Z q’jk|l’ljk| = Rj — E [8];IR] + 8ny]+ 8zsz— 8wij— 8ysz+ aszj] + O(hg) (IVl)
7 ke{k;}
where h is a representative mesh spacing, and
R = divF. (IV.2)
In the pseudo steady state, we have R = divF = 0, and therefore the second-order truncation error vanishes:
1
i > ®jlng| = divF + O(h%). (IV.3)
T kelk;}

This is the mechanism by which the edge-based scheme achieves third-order accuracy by an algorithm almost like
a second-order algorithm. Note that the above cancellation property is a requirement for third-order accuracy
to be achieved on unstructured grids [17]. In order to preserve third-order accuracy with the source term, we
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must discretize the source term such that

1 h?
o > @julngi| - /V SdV =R} =15 [0mR) + Oy R+ 0::R = 0y R = 0,2 R)+ 02 R)] + O(h7), (IV 4)
J

T ke{k;}
where
R’ =divF - S, (IV.5)
so that we achieve
% S Byl 7/ SdV = divF — S + O(h®), (IV.6)
T ke{k;} Vi

Various source term quadrature formulas exist that satisfy this property [17]. In this work, we employ the most
economical formula among those derived in Ref.[17]:

/ SV — Z (138, 4+ 39;kS; — 38k) (Axy, - njp) (IV.7)
Vi ke{k;} 60
where

Axje = (Tk — Tj, Yk — Yj, 26 — %), OjkS; = Axjy - VS;. (IV.8)

This source term discretization requires only the source term gradients VS; at the node j, which are given by

VS; =10,0,0,0,0, V(gu/tm), V(go/1n), V(guw/mo): V(a/pn), V(r/vp)]; - (Iv.9)

However, it actually does not require any additional LSQ gradient computations because these gradients are
already available in the discretization of the HNS20 system. For example, consider V(g /1v);:

Vigu/m)i = [V&u/tto = 8u/Ho®V i), (IV.10)
= |Vgu/uo + W (g;) (g@@q)] E (IV.11)

J

The LSQ gradient V(g,,); is already computed to perform the linear extrapolation, and all other quantities are
available at the node j. Similarly, other source term gradients can be computed with available quantities at the
node j:

Vigu/mo)j = :ng/uﬁW(%) (gv®q)]j, (IV.12)
Viguw/mo)j = :ng/qurW(g;) (gw®q)L, (IV.13)
Vi), = Vo T (5 weq)] | (V.14
Vir/vp); = (Vr);/vp. (IV.15)

Therefore, the stencil of the source term discretization matches that of the LSQ fit. In this work, the quadratic
LSQ fit is used with neighbors and neighbors of the neighbors, and therefore the source discretization stencil
extends to the neighbors of the neighbors, which is one-level smaller, at least, than those required by other
techniques.
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Discretization

Scheme Inviscid Viscous HNS Source
Flux LSQ (p,v,p) Flux LSQ (r,g,q)

FUN3D Roe(2nd) : 2 Linear Galerkin(2nd) : 1 None None
FUN3D-i3rd Roe(3rd) : 3 Quadratic Galerkin(2nd) : 1 None None
HNS20-IQ(2nd) Roe(3rd) : 2 C-quadratic Upwind(2nd) 2 Linear Point
HNS20-II(2nd)  Roe(3rd) : 1 N/A Upwind(2nd) 2 Linear Point
HNS20-IQ(3rd) Roe(3rd) : 3 C-quadratic Upwind(3rd)  : 3 Quadratic Compact
HNS20-II(3rd)  Roe(3rd) : 1 N/A Upwind(3rd) 3 Quadratic Compact

Table 1: Summary of discretizations. The number on the right side of each colon indicates the level of neighbors
contributing to the residual at a node: 1 = up to the neighbors, 2 = up to neighbors of the neighbors, 3 = up to
neighbors of the neighbors of the neighbors. Order of accuracy is indicated by 2nd and 3rd in the parentheses.
Point indicates the point evaluation, and Compact is the compact formula (IV.7).

V. Results

The system of residual equations is solved by an implicit defect-correction solver similar to the one described
specifically for the HNS schemes in Ref.[5]. The linear relaxation is performed by a multi-color Gauss-Seidel
scheme available in FUN3D. In this study, we perform 15 linear relaxations per implicit iteration unless otherwise
stated. The inviscid Jacobian is constructed by the linearization of Van Leer’s flux vector splitting scheme for
the inviscid terms. The viscous Jacobian is constructed by the exact linearization of the upwind flux for the
hyperbolized viscous terms. The Jacobian is updated based on an efficient algorithm available in FUN3D,
which automatically adjusts the Jacobian-update-frequency based on residual reduction. The pseudo-time term
is discretized by the first-order backward Euler scheme, and the pseudo time step is defined locally with CFL
= 200 for all cases unless otherwise stated.

Results are compared with FUN3D, FUN3D-i3rd, HNS20-1Q(2nd), and HNS20-II(2nd). See Ref.[1] for
details of these schemes. We consider two versions of full third-order HNS schemes: HNS20-IQ(3rd) and
HNS20-II(3rd). HNS20-IQ(3rd) uses the compact quadratic LSQ method for the primitive variables [1], and
HNS20-11(3rd) directly replaces the LSQ gradients by the gradient variables for the primitive variables. HNS20-
IT schemes are used here for accuracy verification study only. It is still subject to an instability problem for
boundary-layer problems [22], but can be employed for inviscid-dominated regions, e.g., a far-field vortical flow.

V.A. Accuracy Verification

Accuracy verification is performed by the method of manufactured solutions. Sine functions are made exact
solutions to the Navier-Stokes equations by adding source terms. These source terms are discretized by the
same source term quadrature formula as in Equation (IV.7). We solve a problem in a cubic domain with a
family of consistently refined irregular tetrahedral grids of n® nodes: n = 15, 20, 25, 30, 35, 40. The code is
fully parallelized, and 10 CPUs are used for this problem. See Figures 3 and 4. The boundary condition is of
Dirichlet type, and thus the exact solution is strongly imposed at boundary nodes.

Error convergence results for the density, z-velocity, and pressure, and their x derivatives are shown in
Figure 5 for Re,, = 1. Similar results have been obtained for other variables, and therefore are not shown.
Third-order accuracy has been confirmed for the primitive variables in Figures 5(a), 5(b), and 5(c). For this
low-Reynolds number problem, only the HNS20-IQ(3rd) and HNS20-II(3rd) schemes can achieve third-order
accuracy. Others show second-order accuracy although the third-order inviscid approximation by FUN3D-
i3rd and HNS20-IQ(2nd) leads to much lower levels of errors compared with FUN3D. Figures 5(d), 5(e), and
5(f) compare the errors in the gradients. Typically, the order of error convergence for gradients is one order
lower than that of the primitive variables on irregular grids. Indeed, FUN3D and FUN3D-i3rd yield first-order
accuracy in the gradients although FUN3D-i3rd gives much smaller errors and seemingly better than first-order
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for the velocity gradients. On the other hand, HNS schemes are known to achieve the same order of error
convergence for solution variables and their gradients. This is confirmed by the results: HNS20-IQ(2nd) and
HNS20-II(2nd) schemes achieve second-order accuracy in the gradients, and HNS20-IQ(3rd) and HNS20-11(3rd)
schemes achieve third-order accuracy in the gradients.

Second-order HNS schemes are known to achieve third-order accuracy in the primitive variables for high
Reynolds numbers. Figure 6 shows results for Re,, = 10%. As expected, HNS20-1Q(2nd) and HNS20-1I(2nd)
schemes yield third-order accuracy in the primitive variables while the gradients remain second-order accurate.
Third-order accurate gradients are obtained only with third-order schemes, HNS20-1Q(3rd) and HNS20-II(3rd).
This is confirmed by the results in Figures 6(d), 6(e), and 6(f).

Figure 3: Trregular cube grid (25 nodes) for accuracy Figure 4: Slices of the irregular cube grid (25 nodes)
verification study. for accuracy verification study.

V.B. Sphere

We consider a laminar flow over a sphere with M, = 0.15 and Re,, = 101. The Reynolds number is defined
based on the diameter of the sphere. An experimental value of the drag coefficient is given by Cp = 1.08
[23]. The sphere surface is systematically triangulated with no singularities (see Figure 7(b)), and a similar
triangulation is used on the outer boundary, which is also a spherical surface and located at the distance of 100
times the diameter of the sphere. The viscous wall condition and the free stream condition are applied to the
inner and outer boundaries, respectively. Four levels of tetrahedral grids have been generated with randomly
perturbed nodes: 5668, 50228, 466830, and 1161591 nodes. The coarsest one is shown in Figures 7(a) and 7(b).
The code was run with 10 CPUs for the first two coarse grids, and 240 for the last two fine grids. For this
problem, the linear relaxation is performed to reduce the linear residual by one order of magnitude.

Contours of the z-component of the vorticity are compared for the finest grid in Figure 8. As typical for
conventional schemes, the vorticity contours exhibit irregularity for FUN3D and even for FUN3D-i3rd, which
uses a quadratic LSQ method. On the other hand, very smooth vorticity contours can be observed for the HNS
schemes. Figure 9 shows convergence results for the finest grid. As can be seen in Figure 9(a), high-order schemes
take more iterations to converge than FUN3D. However, Figure 9(b) shows that HNS20 schemes converge faster
in CPU time than FUN3D and FUN3D-i3rd. This feature is unique to hyperbolic schemes, which eliminate
numerical stiffness due to second derivatives in the viscous terms. The effect can be seen clearly in Figure 9(c),
which shows the number of linear relaxations required per iteration. The number of linear relaxations increases
quadratically for conventional viscous discretizations, and thus FUN3D and FUN3D-i3rd require a large number
of linear relaxations especially on the finest grid. On the other hand, the HNS solvers converge rapidly even on
the finest grid. The speed-up factor is O(1/h), and thus the HNS solvers are expected to be more and more
efficient than conventional solvers for further refined grids. This is a promising feature for high-fidelity large
eddy or direct numerical simulations.
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Figure 5: Error convergence results for Re,, = 1.
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Figure 6: Error convergence results for Re,, = 10%.
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Figure 7: Coarsest grid used for the sphere case.

V.C. Joukowsky Airfoil

A laminar flow over a Joukowsky airfoil at the angle of attack 2° is considered for a moderate Reynolds
number of 1000. The Reynolds number is defined based on the chord length of the airfoil. The flow conditions
are Mo, = 0.5 and Res, = 1,000. The Joukowsky airfoil is defined by a set of parameters: ¢ = 0.25, ¢ = 0.3,
and k = 0.0 (see Ref.[19] for the definitions of the parameters). The outer boundary is a circle located at the
distance of 100 times the chord length. The viscous wall condition and the free stream condition are applied to
the airfoil surface and the outer boundary, respectively. On the two boundary planes located at y = 0 and y = 2,
a periodic boundary condition is imposed. Note that the domain is 3D, and therefore the case is equivalent to a
3D wing of infinite span. Four levels of tetrahedral grids have been generated with nodes randomly perturbed
within (z, z)-plane: 9720 (10 CPUs), 64400 (120 CPUs), 462240 (240 CPUs), and 1500720 (240 CPUs) nodes;
81, 161, 321, 481 nodes on the airfoil. The coarsest grid is shown in Figures 10 and 11. It is emphasized that the
grid lines are not orthogonal to the viscous surface due to the random perturbation, modeling adaptive viscous
grids.

Vorticity contours are compared for the finest grid in Figure 12. The vorticity magnitude |curlu| was
computed by LSQ gradients in the FUN3D and FUN3D-i3rd schemes, and by the gradient variables as |curlu| =
|Eg’| in the HNS schemes, where E is the third-rank alternating tensor of the Eddington epsilon [19]. It can
be seen that contours exhibit irregularity in FUN3D as well as FUN3D-i3rd. HNS schemes, on the other hand,
yield very smooth contours. These accurate vorticity contours directly impact the drag coefficient for the airfoil.
Drag convergence is shown in Figure 13. The drag coefficients obtained on a series of grids by various schemes
are plotted against the effective mesh spacing taking into account the fact that the HNS schemes has four times
more discrete unknowns: hp,r = (4N)_1/3 for the HNS schemes and hp,p = N~1/3 for others, where N is the
total number of nodes in the grid. Results show that HNS schemes give very fast drag convergence compared
with FUN3D and FUN3D-i3rd.

V.D. Flat Plate

We consider a laminar flow over a flat plate at a Reynolds number of 1 million. The flow conditions are
Mo, = 0.5 and Res, = 10°. The Reynolds number is defined based on the length (in the z-direction) of the flat
plate. The domain is taken to be rectangular (x,y, z) € [—2, 1] x [0,0.5] x [0, 3], where the flat plate is located
at the bottom (z = 0) and (z,y) € [0,1] x [0,0.5]. Four tetrahedral grids are generated over three identical 2D
triangular-mesh planes, each of which consists of 64x32 (10 CPUs), 128x64 (120 CPUs), 256x128 (240 CPUs),
and 384x192 nodes (400 CPUs). Figure 14 shows the coarsest grid. A parabolic stretching has been applied
across the boundary layer in order to resolve the boundary layer equally along the flat plate (see Figure 14(b)).
A reference value of the drag coefficient is 0.001328 based on a theory for incompressible viscous flows [24]. A
periodic boundary condition is used at boundary planes at y = 0 and y = 0.5, and a symmetric condition is
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(a) FUN3D.

(¢c) HNS20-1Q(2nd).

(b) FUN3D-i3rd.

(d) HNS20-1Q(3rd).

Figure 8: Contours of the magnitude of the vorticity for Sphere (Grid4).

— —— - FUN3D
—o— FUN3D-i3rd

— ~O— - HNS20-1Q(2nd)
—— HNS20-1Q(3rd)

X

HHIHHI\\HI\H\I\\\J_H\\IHHI
50 100 150 200 250 300 350
Iteration

(a) Iteration.

— —7— - FUN3D

—&—— FUN3D-i3rd

— ~O— - HNS20-IQ(2nd)
——— HNS20-1Q(3rd)

T R T -
2000 4000 6000
Wall Time

(b) CPU time.

|
8000

400

10
r @7
I v
L 7
s 10°E
5 10°F
Q r
£ I
£t
° -~y - FUN3D
—6o— FUN3D-i3rd
. — —O— - HNS20-1Q(2nd)
10°F — > HNS20-IQ(3rd)
g
-
o b ]
107 700 200 300
Iteration

(c) Linear relaxation.

Figure 9: Iterative convergence for the sphere case.
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Figure 11: Near-field views in (z, z)-plane for Joukowsky airfoil (Gridl).

used at z = 0 ahead of the flat plate. Free stream condition is used at the inflow boundary (z = —2), and the
back pressure condition is used at the top (z = 3) and outflow (z = 1) boundaries.

Drag convergence results are presented in Figure 15. It is observed that HNS schemes yield more accurate
drag prediction than FUN3D and FUN3D-i3rd schemes do for the same number of discrete unknowns. The
HNS20-IQ(3rd) scheme gives better prediction on coarse grids than other HNS schemes. To show that the
HNS schemes give accurate predictions not only in the integrated drag but also in the local skin friction, the
distributions of the local skin friction are compared on the coarsest grid in Figure 16. It can be seen that the
HNS20-IQ(3rd) and HNS20-IQ(2nd) give more accurate local skin friction values than FUN3D.
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Figure 12: Contours of the magnitude of the vorticity for Joukowsky airfoil (Grid4).
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Reynolds = 1000, Mach = 0.5, AocA = 2 degrees
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Figure 13: Drag coefficient convergence for Joukowsky airfoil.
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Figure 14: Grid used for the 3D flat plate.

VI. Concluding Remarks

Third-order edge-based scheme has been extended to the Navier-Stokes equations for tetrahedral grids by
using a hyperbolic viscous formulation. Source terms arising from the hyperbolic viscous formulation has been
discretized by an efficient accuracy-preserving quadrature formula, which does not require second derivatives
of the source terms. By the hyperbolic formulation, the viscous terms are discretized by the same algorithm
used in the inviscid terms: a quadratic least-squares fit and a linear flux-extrapolation. Moreover, again due
to the hyperbolic formulation, the resulting third-order Navier-Stokes scheme has been shown to achieve third-
order accuracy for the primitive variables and their gradients. Since third-order accuracy in gradients generally
requires a fourth-order scheme on unstructured grids, the ability of delivering third-order accurate gradients by
a third-order scheme implies very high efficiency of the developed third-order edge-based scheme.
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