NATIONAL

INSTITUTE OF AEROSPALE

ared

-
\
o
- ~
=~ -
N

Hiro Nishikawa
AIAA Computational Fluid Dynamics, June 8,2017


http://hiroakinishikawa.com/My_papers/nishikawa_aiaa2017-4295.pdf




8

s
N
ol
.I.vliw \igd
Y k.
N
&~
oA
MR,
(R ——]
o T
N dee
M.va
Gl A
W, e
PR
w,
e
To )
T
o Ue
X\
#!m. w‘l..
A u il
Yoy )
N e
b 8
..l.wﬁ— (™
[ _v"“'u
s S
- )
_“.oa.w! “aif
SN
ZO S o
[ N A
Gl
o
& N
Spind P
Pl ™,
Y e
&l
7/;V
. PN
e
o
S

1
.Ai @

rl¢

"vp
<

Wi

\er,

'

Afr

Y
<

N
e,

Z7y
Qe

CFD r

<Y
]

-7,
fek, o

AWE

4

lishiik

P‘;

;

O, HirG

I

1
i

P and

4t
ij,A%%,

11

it

useful in

1
i

b
o

CZ2



1997

Adaptive-grid scheme for Cauchy-Riemann system

Adaptive-grid scheme (Roe 1996):

Minimize ® = /T [0:F + 0,G] dady

with respect to (uj, Tj, yj)
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(a) Exact solution. (b) Converged tangled grid. (¢) Converged solution.

Adaptive-grid scheme converged to a tangled mesh.






Geometrical Interpretation

Solution of a pair of PDEs (2D) = Surtace in 4D space.

The method adjusts the nodes to better approximate the surface.

3

(u,v) s = . (u,v)' &
'b il >
(x.y) (x,y)

Residual = Error in aligning a triangle tangent to the surface.
“A Geometric Interpretation of Fluctuations” 1997 (available at cfdnotes.com)

So, 1t doesn’t matter whether a triangle is inverted or not.
“Grids and Solutions from Residual Minimization”, PhD Thesis 2001


http://ossanworld.com/cfdnotes/cfdnotes_geom_fluc.pdf
http://www.hiroakinishikawa.com/My_papers/hiroaki_nishikawa_thesis2001.pdf

2001: Good grid or Bad grid

LSQ scheme on a fixed ‘good’ grid. Adaptive-grid scheme
Sg N = |
3 | )
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(a) ‘Good’ grid. (b) C, on ‘good’ grid. (c) ‘Bad’ grid. (d) Cp on ‘bad’ grid.

A bad grid can be a good grid for a bad scheme.

“Grids and Solutions from Residual Minimization”, PhD Thesis 2001


http://www.hiroakinishikawa.com/My_papers/hiroaki_nishikawa_thesis2001.pdf

Adaptive-grid scheme converged and captured
a shock perfectly with zero-volume triangles.

0—1 -0.5 0 0.5 1

“Grids and Solutions from Residual Minimization”, PhD Thesis 2001


http://www.hiroakinishikawa.com/My_papers/hiroaki_nishikawa_thesis2001.pdf
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Comparison of pressure over a bump.
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Edge-Based Discretization

NASA’s FUN3D; Software Cradle’s SC/Tetra; DLR Tau code, etc.

divf =0 =—= % Z Gjknjk| =0

) ke{k;}

Numerical flux at edge-midpoint A

I r
. ik = Mg T gy

1 . 1
Djk = §(fL+fR) ‘N — §|an|(uR—uL) w

linearly extrapolated L and R states.

Edge-based formula is a special flux quadrature.



Facts about EB Scheme

2nd-order only on simplex(tria/tet)-element grids.

3rd-order with quadratic LSQ fits on simplex grids.

Theory : Nishikawa Liu, JCP2017

Two schemes:
|. Conventional scheme: 2nd-order accurate.

2. Hyperbolic scheme: 3rd-order for advection.

We consider advection-diffusion and Burgers’ equations only.
Euler and NS schemes will be considered in future.


http://hiroakinishikawa.com/My_papers/nishikawa_liu_jcp2017_preprint.pdf

”
=
=
O
-
O
-
O
-
oF
:
-
7
75
<

tive volumes.

1

It can be mapped to a grid of all pos

Topologically equivalent.



Two Grid Metrics for EB

All computed such that an element has a positive
volume when its nodes are ordered counterclockwise.

1. Directed area vector (per edge). -

R . r
N = N + Ny N

2. Dual volume (per node)

j
Sum of the contributions from Q
surrounding elements (triangles). Q

-> Signed volume: negative or positive

Do NOT modify existing codes.



Directed Area Vector

Do not even check the local direction of njk.



Dual Control Volume
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(a) Triangular grid. (b) Zero-volume elements. (c) Negative-volume elements.

Keep zero/negative-volume elements as they are, so that
we maintain a consistency condition:

Z Vi = Total volume of the domain




Negative Dual Volume

Linear advection: 0.(au) + 9,(bu) =0

Positive Dual volume:

Z @ = 0. (au) + 0, (bu)| |V;| + TE
ke{k;}

Negative Dual volume:

3" ¢kl = — [Bu(au) + 8, (bu)] |V;| + TE,

ke{k;} T

We’ll be solving the target PDE with a negative sign.



LSQ Gradients

LSQ gradients are independent
of element orientation.

It works with zero/neg-volume.



Shock-Capturing

(a) Making a shock stencil. (b) Zero-volume shock stencil.

EB residual reduces to the Rankine-Hugoniot:

Res; = (|an|Au — Afy) Inz + ng|,




Implicit Solver

Jacobian-Free Newton’s method

JRes
aU h

Ut = Up + AU, Ally = ~Fes(L)

NOTE: There is no pseudo time term (CFL=infinity).

It converges in 10 iterations (max 17) for all test problems.



Accuracy Verification

Advection equation

Xcrﬁd 1

LXGrid Il
“E Grid NI
¥~ Gnid IV

w Slope 2
== Slope 3

-2.'2 2 - l..S -1..6 - 14
Log |, (heff)
16 ;ero-volume elements

j—

0

\‘! f | Conventional _#
: || A4 Qaut
- ~ Sroun
: 5 N P /7 | | | — rSIupcB |

2 1.8 1.6 1.4

X X
36 neg-volume elements 8 neg-volume elements Log ,, (hef)
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Subdivide quads into triangles to achieve 3rd-order accuracy.
Negative volume elements may be generated, but that’s OK.

N\

7

Log 10 ( Linf error norm )

.
-
o
.
*

-
ot
-

[+ Hyperbolic: Irrg quad
“5- Hyperbolic: Subdivided tria

113 neg-volume elements

V4 === Slope 1
7 == Slope 3
5 : : 1 ;
-2.5 -2 -1.5 -1 -0.5
Log ,, (heff)
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Discontinuity Capturing

Burgers’ equation

Rankine-Hugoniot satistfied ‘
across zero-volume elements. X




Singularity with Multiple Nodes

Laplace’ equation

1 i : \I
> . - . 0
! 1 0 / _1-1 0____
X X
0‘05 \ 0.06 .
Place multiple nodes oo on
at the origin to resolve  =°|. N y - 6
the singularity. ot 2 \
| 0.1 0.05 ‘ 0 0.1 x°-°5 0




Singularity with Multiple Nodes

Laplace’ equation

Grid S-1 - Grid S-II (1 node) Grid S-III (multiple nodes)

P 1st-order accuracy with a single node
== at origin (expected).
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Log 10 Ll error norm )

B3 T T £ Grid S-11
il el multiple nodes at origin.
w— Slope 2
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Hanging Nodes

advection-diffusion equation
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PAVANL A=A == A < VA EB scheme directly applied.
N VA Vi VA VA VA YA VA VA VA VA YA VA VAV 3rd-order accuracy can be achieved.




Overset Grid into Single Grid

advection-diffusion equation

Connect overset grids to create a single grid.

- Simplification in coding :
- Discrete conservation

X

Y

1 NN N\ /
/

<

Negative-volume grid




Overset Grid into Single Grid

advection-diffusion equation

E
: As expected, 2nd-order accuracy by
L, a conventional scheme, and 3rd-order
£ | o” O tipolc accuracy by a hyperbolic scheme.
» ” w— Slope 2

> == Slope 3

-2.5 2 -1.5 -1

Log 10 (hef?)



a2
Y%
C )

R e

-
4

CGIStr

2
V' B

o’ oW - 41 <] Mo o - -
w of the Twilight Zon

—?
<

3
11



